Published by Institute of Physics Publishing for SISSA/ISAS Received: January 28, 2005 Accepted: February 4, 2005

No multi-graviton theories in the presence of a Dirac field

Constantin Bizdadea, Eugen Mihăiţă Cioroianu, Adriana Costelia Lungu and Solange-Odile Saliu

Faculty of Physics, University of Craiova 13 A. I. Cuza Str., Craiova 200585, Romania E-mail: bizdadea@central.ucv.ro, manache@central.ucv.ro, ???,

osaliu@central.ucv.ro

Abstract: The cross-couplings among several massless spin-two fields (described in the free limit by a sum of Pauli-Fierz actions) in the presence of a Dirac field are investigated in the framework of the deformation theory based on local BRST cohomology. Under the hypotheses of locality, smoothness of the interactions in the coupling constant, Poincaré invariance, (background) Lorentz invariance and the preservation of the number of derivatives on each field, we prove that there are no consistent cross-interactions among different gravitons in the presence of a Dirac field. The basic features of the couplings between a single Pauli-Fierz field and a Dirac field are also emphasized.

Keywords: BRST Quantization, BRST Symmetry.

© SISSA/ISAS 2005 http://jhep.sissa.it/archive/papers/jhep022005016 /jhep022005016 .pdf

Contents

1. Introduction 1

2. Free model: lagrangian formulation and BRST symmetry 3

3. Deformation of the solution to the master equation: a brief review 5

4. Consistent interactions between the spin-two field and the massive Dirac field 6 4.1 Standard material: H (γ) and H (δ|d) 6 4.2 First-order deformation 9 4.3 Second-order deformation 17

5. Vierbein versus Pauli-Fierz formulation of spin-two field theory 18

6. Analysis of the deformed theory 20

7. Impossibility of cross-interactions between gravitons in the presence of the Dirac field 23

8. Conclusion 28

A. Proof of a statement made in subsection 4.2 28

B. Complete computation of the second-order deformation 30

1. Introduction

Over the last twenty years there was a sustained effort for constructing theories involving a multiplet of spin-two fields [1, 2, 3, 4]. At the same time, various couplings of a single massless spin-two field to other fields (including itself) have been studied in [5]–[14]. In this context the impossibility of cross-interactions among several Einstein gravitons under certain assumptions has recently been proved in [15] by means of a cohomological approach based on the lagrangian BRST symmetry [16]–[20]. Moreover, in [15] the impossibility of cross-interactions among different Einstein gravitons in the presence of a scalar field has also been shown.

The main aim of this paper is to investigate the cross-couplings among several massless spin-two fields (described in the free limit by a sum of Pauli-Fierz actions) in the presence of a Dirac field. More precisely, under the hypotheses of locality, smoothness of the interactions in the coupling constant, Poincaré invariance, (background) Lorentz invariance

– 1 – and the preservation of the number of derivatives on each field, we prove that there are no consistent cross-interactions among different gravitons in the presence of a Dirac field. This result is obtained by using the deformation technique [21] combined with the local BRST cohomology [22]. It is well-known the fact that the spin-two field in metric formulation (Einstein-Hilbert theory) cannot be coupled with a Dirac field. However, as it will be seen, if we decompose the metric like g_{μν} = σ_{μν} + gh_{μν} , where σ_{μν} is the flat metric and g is the coupling constant, then we can indeed couple Dirac spinors to h_{μν} in the space of formal series with the maximum derivative order equal to one in h_{μν} , such that the final results agree with the usual couplings between the spin-1/2 and the massless spin-two field in the vierbein formulation [23]. Thus, our approach envisages two different aspects. One is related to the couplings between the spin-two fields and the Dirac field, while the other focuses on proving the impossibility of cross-interactions among different gravitons via Dirac spinors. In order to make the analysis as clear as possible, we initially consider the case of the couplings between a single Pauli-Fierz field [24] and a Dirac field. In this setting we compute the interaction terms to order two in the coupling constant. Next, we prove the isomorphism between the local BRST cohomologies corresponding to the Pauli-Fierz theory and respectively to the linearized version of the vierbein formulation of the spin-two field. Since the deformation procedure is controlled by the local BRST cohomology of the free theory (in ghost number zero and one), the previous isomorphism allows us to translate the results emerging from the Pauli-Fierz formulation into the vierbein version and conversely. In this manner we obtain that the first two orders of the interacting lagrangian resulting from our setting originate in the development of the full interacting lagrangian

L^{(int)} = eψ̄ (ie^μ_a γ^aD_μψ − mψ) + egM (¯ ψψ ) , where e^μ_a are the vierbein fields, e is the inverse of their determinant, e = (det (e^μ_a ))^{−1}, D_μ is the full covariant derivative and M (¯ ψψ ) is a polynomial in ψ̄ψ. Here and in the sequel g is the coupling constant (deformation parameter).The term eM (¯ ψψ ) is usually omitted in most of the textbooks on General Relativity. However, it is consistent with the gauge symmetries of the lagrangian L_2 + L^{(int)}, where L_2 is the full spin-two lagrangian in the vierbein formulation. With this result at hand, we start from a finite sum of Pauli-Fierz actions and a Dirac field, and prove that there are no consistent cross-interactions between different gravitons in the presence of a Dirac field.

This paper is organized in eight sections. In section 2 we construct the BRST symmetry of a free model with a single Pauli-Fierz field and a Dirac field. Section 3 briefly addresses the deformation procedure based on BRST symmetry. In section 4 we compute the first two orders of the interactions between one graviton and a Dirac spinor. Section 5 is dedicated to the proof of the isomorphism between the local BRST cohomologies corresponding to the Pauli-Fierz theory and respectively to the linearized version of the vierbein formulation for the spin-two field. In section 6 we connect the results obtained in section 4 to those from the vierbein formulation. Section 7 is devoted to the proof of the fact that there are no consistent cross-interactions among different gravitons in the presence of a Dirac field. Section 8 exposes the main conclusions of the paper. The paper also contains two appendix sections, in which some statements from the body of the paper are proved.

– 2 –

2. Free model: lagrangian formulation and BRST symmetry

Our starting point is represented by a free model, whose lagrangian action is written like the sum between the action of the linearized version of Einstein-Hilbert gravity (the Pauli-Fierz action [24]) and that of a massive Dirac field

S^L_0 [ h_{μν} , ψ, ψ̄ ] = ∫ d^4x ( − 1 2 ∂_μh_{νρ}∂^μh^{νρ} + ∂_μh^{μρ}∂^ν h_{νρ} − ∂_μh∂_ν h^{νμ} + + 1 2 ∂_μh∂^μh + ψ̄ (iγ^μ∂_μψ − mψ) )

≡ ∫ d^4x ( L^{(PF)} + L^{(D)}_0 ) . (2.1)

Everywhere in the paper we use the flat Minkowski metric of ‘mostly plus’ signature, σ_{μν} = (− + ++). In the above h denotes the trace of the Pauli-Fierz field, h = σ_{μν} h^{μν} , and the fermionic fields ψ and ψ̄ are considered to be complex (Dirac) spinors (ψ̄ = ψ^†γ^0). We work with the Dirac representation of the γ-matrices

γ^†_μ = γ_0γ_μγ_0 , μ = 0, 3 , (2.2)

where † signifies the operation of hermitian conjugation. Action (2.1) possesses an irreducible and abelian generating set of gauge transformations

δ_ϵh_{μν} = ∂_{(μ}ϵ_{ν)} , δ_ϵψ = δ_ϵψ̄ = 0 , (2.3)

with ϵ_μ bosonic gauge parameters. The parantheses signify symmetrization; they are never divided by the number of terms: e.g., ∂_{(μ}ϵ_{ν)} = ∂_μϵ_ν + ∂_ν ϵ_μ, and the minimum number of terms is always used. The same is valid with respect to the notation [μ · · · ν], which means antisymmetrization with respect to the indices between brackets.

In order to construct the BRST symmetry for (2.1) we introduce the fermionic ghosts η_μ corresponding to the gauge parameters ϵ_μ and associate antifields with the original fields and ghosts, respectively denoted by { h^{∗μν} , ψ^∗, ψ̄^∗ } and {η^{∗μ}}. (The statistics of the antifields is opposite to that of the correlated fields/ghosts.) The antifields of the Dirac fields are bosonic spinors, assumed to satisfy the properties (¯ ψ^∗ )_† γ^0 = −ψ^∗ , γ^0 (ψ^∗)^† = −ψ̄^∗ . (2.4)

Since the gauge generators of the free theory under study are field independent and irreducible, it follows that the BRST differential simply decomposes into

s = δ + γ , (2.5)

where δ represents the Koszul-Tate differential, graded by the antighost number agh (agh (δ) = −1), and γ stands for the exterior derivative along the gauge orbits, whose degree is named pure ghost number pgh (pgh (γ) = 1). These two degrees do not interfere (pgh (δ) = 0, agh (γ) = 0). The overall degree from the BRST complex is known as the

– 3 – ghost number gh and is defined like the difference between the pure ghost number and the antighost number, such that gh (δ) = gh (γ) = gh (s) = 1. If we make the notations

Φ^{α0} = ( h_{μν} , ψ, ψ̄ ) , Φ^∗_{α0} = ( h^{∗μν} , ψ^∗, ψ̄^∗ ) , (2.6)

then, according to the standard rules of the BRST formalism, the degrees of the BRST generators are valued like

agh (Φ^{α0} ) = agh (η_μ) = 0 , agh ( Φ^∗_{α0} ) = 1 , agh (η^{∗μ}) = 2 , (2.7) pgh (Φ^{α0} ) = 0 , pgh (η_μ) = 1 , pgh ( Φ^∗_{α0} ) = pgh (η^{∗μ}) = 0 . (2.8)

The actions of the differentials δ and γ on the generators from the BRST complex are given by δh^{∗μν} = 2H^{μν} , δψ^∗ = − ( mψ̄ + i∂_μψ̄γ^μ ) , (2.9) δψ̄^∗ = − (iγ^μ∂_μψ − mψ) , δη^{∗μ} = −2∂_ν h^{∗μν} , (2.10) δΦ^{α0} = 0 = δη_μ , (2.11) γΦ^∗_{α0} = 0 = γη^{∗μ} , (2.12) γh_{μν} = ∂_{(μ}η_{ν)} , γψ = 0 = γψ̄ , γη_μ = 0 , (2.13)

where H^{μν} is the linearized Einstein tensor H^{μν} = K^{μν} − 1 2 σ^{μν} K , (2.14)

with K^{μν} and K the linearized Ricci tensor and respectively the linearized scalar curvature, both obtained from the linearized Riemann tensor K_{μναβ} = − 1 2 (∂_μ∂_αh_{νβ} + ∂_ν ∂_βh_{μα} − ∂_ν ∂_αh_{μβ} − ∂_μ∂_βh_{να}) , (2.15)

via its simple and double traces K_{μα} = σ^{νβ} K_{μναβ} , K = σ^{μα}σ^{νβ}K_{μναβ} . (2.16) The BRST differential is known to have a canonical action in a structure named antibracket and denoted by the symbol (, ) (s· = ( ·, S̄ ) ), which is obtained by decreeing the fields/ghosts respectively conjugated to the corresponding antifields. The generator of the BRST symmetry is a bosonic functional of ghost number zero, which is solution to the classical master equation (¯ S, S̄ ) = 0. The full solution to the master equation for the free model under study reads as S̄ = S^L_0 [h_{μν} , ψ, ψ̄] + ∫ d^4x h^{∗μν} ∂_{(μ}η_{ν)} . (2.17)

– 4 –

3. Deformation of the solution to the master equation: a brief review

We begin with a “free” gauge theory, described by a lagrangian action S^L_0 [Φ^{α0} ], invariant under some gauge transformations δ_ϵΦ^{α0} = Z^{α0}_{α1} ϵ^{α1} , i.e.^{δSL0}_{δΦ}α_0 Z^{α0}_{α1} = 0, and consider the problem of constructing consistent interactions among the fields Φ^{α0} such that the couplings preserve both the field spectrum and the original number of gauge symmetries. This matter is addressed by means of reformulating the problem of constructing consistent interactions as a deformation problem of the solution to the master equation corresponding to the “free” theory [21]. Such a reformulation is possible due to the fact that the solution to the master equation contains all the information on the gauge structure of the theory. If an interacting gauge theory can be consistently constructed, then the solution S̄ to the master equation (¯ S, S̄ ) = 0 associated with the “free” theory can be deformed into a solution S

S̄ → S = S̄ + gS_1 + g^2S_2 + · · ·

= S̄ + g ∫ d^Dx a + g^2 ∫ d^Dx b + · · · , (3.1)

of the master equation for the deformed theory

(S, S) = 0 , (3.2)

such that both the ghost and antifield spectra of the initial theory are preserved. The equation (3.2) splits, according to the various orders in the coupling constant (deformation parameter) g, into a tower of equations: (¯ S, S̄ ) = 0 , (3.3) 2 ( S_1, S̄ ) = 0 , (3.4) 2 ( S_2, S̄ ) + (S_1, S_1) = 0 , (3.5) ( S_3, S̄ ) + (S_1, S_2) = 0 , (3.6) . . The equation (3.3) is fulfilled by hypothesis. The next one requires that the first-order deformation of the solution to the master equation, S_1, is a cocycle of the “free” BRST differential s· = ( ·, S̄ ) . However, only cohomologically non-trivial solutions to (3.4) should be taken into account, as the BRST-exact ones can be eliminated by some (in general non-linear) field redefinitions. This means that S_1 pertains to the ghost number zero cohomological space of s, H^0 (s), which is generically non-empty due to its isomorphism to the space of physical observables of the “free” theory. It has been shown (on behalf of the triviality of the antibracket map in the cohomology of the BRST differential) that there are no obstructions in finding solutions to the remaining equations, namely (3.5) and (3.6) and so on. However, the resulting interactions may be non-local, and there might even appear obstructions if one insists on their locality. The analysis of these obstructions can be done by means of standard cohomological techniques.

– 5 –

4. Consistent interactions between the spin-two field and the massive Dirac field

4.1 Standard material: H (γ) and H (δ|d)

This section is devoted to the investigation of consistent cross-couplings that can be introduced between a spin-two field and a massive Dirac field. This matter is addressed in the context of the antifield-BRST deformation procedure briefly addressed in the above and relies on computing the solutions to the equations (3.4)–(3.6), etc., with the help of the free BRST cohomology.

For obvious reasons, we consider only smooth, local, (background) Lorentz invariant and, moreover, Poincaré invariant quantities (i.e. we do not allow explicit dependence on the spacetime coordinates). The smoothness of the deformations refers to the fact that the deformed solution to the master equation (3.1) is smooth in the coupling constant g and reduces to the original solution (2.17) in the free limit g = 0. In addition, we require the conservation of the number of derivatives on each field (this condition is frequently met in the literature; for instance, see the case of cross-interactions for a collection of Pauli-Fierz fields [15] or the couplings between the Pauli-Fierz and the massless Rarita- Schwinger fields [14]). If we make the notation S_1 = ∫ d^4x a, with a a local function, then the equation (3.4), which we have seen that controls the first-order deformation, takes the local form sa = ∂_μm^μ , gh (a) = 0 , ε (a) = 0 , (4.1)

for some local m^μ and it shows that the non-integrated density of the first-order deformation pertains to the local cohomology of the BRST differential in ghost number zero, a ∈ H^0 (s|d), where d denotes the exterior spacetime differential. The solution to the equation (4.1) is unique up to s-exact pieces plus divergences

a → a+sb+∂_μn^μ , gh (b) = −1 , ε (b) = 1 , gh (n^μ) = 0 , ε (n^μ) = 0 . (4.2)

At the same time, if the general solution of (4.1) is found to be completely trivial, a = sb + ∂_μn^μ, then it can be made to vanish a = 0.

In order to analyze the equation (4.1), we develop a according to the antighost number a = I∑ i=1 a_i , agh (a_i) = i , gh (a_i) = 0 , ε (a_i) = 0 , (4.3)

and take this decomposition to stop at some finite value I of the antighost number. The fact that I in (4.3) is finite can be argued like in [15]. Inserting the above expansion into the equation (4.1) and projecting it on the various values of the antighost number with the help of the splitting (2.5), we obtain the tower of equations

γa_I = ∂_μ^{(I)}m μ , (4.4)

δa_I + γa_{I−1} = ∂_μ^{(I−1)}m μ , (4.5)

δa_i + γa_{i−1} = ∂_μ^{(i−1)}m μ , 1 ≤ i ≤ I − 1 , (4.6)

– 6 – where (_{(i)} m μ) i=0,I are some local currents with agh (_{(i)} m μ) = i. Moreover, according to the general result from [15] in the absence of the collection indices, the equation (4.4) can be replaced^1 in strictly positive antighost numbers by

γa_I = 0 , I > 0 . (4.7)

Due to the second-order nilpotency of γ (γ^2 = 0), the solution to the equation (4.7) is clearly unique up to γ-exact contributions

a_I → a_I + γb_I , agh (b_I ) = I , pgh (b_I ) = I − 1 , ε (b_I ) = 1 . (4.8)

Meanwhile, if it turns out that a_I reduces to γ-exact terms only, a_I = γb_I , then it can be made to vanish, a_I = 0. The non-triviality of the first-order deformation a is thus translated at its highest antighost number component into the requirement that a_I ∈ H^I (γ), where H^I (γ) denotes the cohomology of the exterior longitudinal derivative γ in pure ghost number equal to I. So, in order to solve the equation (4.1) (equivalent with (4.7) and (4.5) and (4.6)), we need to compute the cohomology of γ, H (γ), and, as it will be made clear below, also the local cohomology of δ in pure ghost number zero, H (δ|d).

Using the results on the cohomology of the exterior longitudinal differential for a collection of Pauli-Fierz fields [15], as well as the definitions (2.12) and (2.13), we can state that H (γ) is generated on the one hand by Φ^∗_{α0} , η^∗_{α1} , ψ, ψ̄ and K_{μναβ} together with all of their spacetime derivatives and, on the other hand, by the ghosts η_μ and ∂_{[μ}η_{ν]}. So, the most general (and non-trivial), local solution to (4.7) can be written, up to γ-exact contributions, as

a_I = α_I ( [ψ] , [¯ ψ ] , [K_{μναβ} ] , [ Φ^∗_{α0} ] , [ η^∗_{α1} ]) ω^I ( η_μ, ∂_{[μ}η_{ν]} ) , (4.9)

where the notation f ([q]) means that f depends on q and its derivatives up to a finite order, while ω^I denotes the elements of a basis in the space of polynomials with pure ghost number I in the corresponding ghosts and their antisymmetrized first-order derivatives. The objects α_I have the pure ghost number equal to zero and are required to fulfill the property agh (α_I ) = I in order to ensure that the ghost number of a_I is equal to zero. Since they have a bounded number of derivatives and a finite antighost number, α_I are actually polynomials in the linearized Riemann tensor, in the antifields, in all of their derivatives, as well as in the derivatives of the Dirac fields. The anticommuting behaviour of the Dirac spinors induces that α_I are polynomials also in the undifferentiated Dirac fields, so we conclude that these elements exhibit a polynomial character in all of their arguments. Due to their γ-closeness, γα_I = 0, α_I will be called “invariant polynomials”. In zero antighost number, the invariant polynomials are polynomials in the linearized Riemann tensor K_{μναβ} , in the Dirac spinors, as well as in their derivatives.

Inserting (4.9) in (4.5) we obtain that a necessary (but not sufficient) condition for the existence of (non-trivial) solutions a_{I−1} is that the invariant polynomials α_I are (nontrivial) objects from the local cohomology of the Koszul-Tate differential H (δ|d) in pure

1This is because the presence of the matter fields does not modify the general results on H (γ) presented in [15].

– 7 – ghost number zero and in strictly positive antighost numbers I > 0

δα_I = ∂_μ^{(I−1)}j μ , agh (_{(I−1)} j μ) = I − 1 , pgh (_{(I−1)} j μ) = 0 . (4.10)

We recall that H (δ|d) is completely trivial in both strictly positive antighost and pure ghost numbers (for instance, see [22, theorem 5.4] and [25]). Using the fact that the Cauchy order of the free theory under study is equal to two together with the general results from [22], according to which the local cohomology of the Koszul-Tate differential in pure ghost number zero is trivial in antighost numbers strictly greater than its Cauchy order, we can state that H_J (δ|d) = 0 for all J > 2 , (4.11) where H_J (δ|d) represents the local cohomology of the Koszul-Tate differential in zero pure ghost number and in antighost number J. An interesting property of invariant polynomials for the free model under study is that if an invariant polynomial α_J , with agh (α_J ) = J ≥ 2, is trivial in H_J (δ|d), then it can be taken to be trivial also in H^{inv}_J (δ|d), i.e. ( α_J = δb_{J+1} + ∂_μ^{(J)}c μ , agh (α_J ) = J ≥ 2 ) ⇒ α_J = δβ_{J+1} + ∂_μ^{(J)}γ μ , (4.12)

with both β_{J+1} and^{(J)}γ μ invariant polynomials. Here, H^{inv}_J (δ|d) denotes the invariant characteristic cohomology (the local cohomology of the Koszul-Tate differential in the space of invariant polynomials) in antighost number J. This property is proved in [15] in the case of a collection of Pauli-Fierz fields and remains valid in the case considered here since the matter fields do not carry gauge symmetries, so we can write that H^{inv}_J (δ|d) = 0 for all J > 2 . (4.13) For the same reason the antifields of the matter fields can bring only trivial contributions to H_J (δ|d) and H^{inv}_J (δ|d) for J ≥ 2, so the results from [15] concerning both H_2 (δ|d) in pure ghost number zero and H^{inv}_2 (δ|d) remain valid. These cohomological spaces are still spanned by the undifferentiated antifields corresponding to the ghosts H_2 (δ|d) and H^{inv}_2 (δ|d) : (η^{∗μ}) . (4.14) In contrast to the groups (H_J (δ|d))_{J≥2} and ( H^{inv}_J (δ|d) ) J≥2, which are finite-dimensional, the cohomology H_1 (δ|d) in pure ghost number zero, known to be related to global symmetries and ordinary conservation laws, is infinite-dimensional since the theory is free. Moreover, H_1 (δ|d) involves non-trivially the antifields of the matter fields.

The previous results on H (δ|d) and H^{inv} (δ|d) in strictly positive antighost numbers are important because they control the obstructions to removing the antifields from the first-order deformation. More precisely, based on the formulas (4.10)–(4.13), one can successively eliminate all the pieces of antighost number strictly greater that two from the non-integrated density of the first-order deformation by adding only trivial terms, so one can take, without loss of non-trivial objects, the condition I ≤ 2 in the decomposition (4.3). The proof of this statement can be realized like in [15]. In addition, the last representative is of the form (4.9), where the invariant polynomial is necessarily a non-trivial object from H^{inv}_2 (δ|d) for I = 2, and respectively from H_1 (δ|d) for I = 1.

– 8 –

4.2 First-order deformation In the case I = 2 the non-integrated density of the first-order deformation (4.3) becomes

a = a_0 + a_1 + a_2 . (4.15)

We can further decompose a in a natural manner as a sum between three kinds of deformations a = a^{(PF)} + a^{(int)} + a^{(Dirac)} , (4.16)

where a^{(PF)} contains only fields/ghosts/antifields from the Pauli-Fierz sector, a^{(int)} describes the cross-interactions between the two theories (so it effectively mixes both sectors), and a^{(Dirac)} involves only the Dirac sector. The component a^{(PF)} is completely known (for a detailed analysis see [15]) and satisfies individually an equation of the type (4.1). It admits a decomposition similar to (4.15)

a^{(PF)} = a^{(PF)}_0 + a^{(PF)}_1 + a^{(PF)}_2 , (4.17)

where

a^{(PF)}_2 = 1 2 η^{∗μ}η^ν ∂_{[μ} η_{ν]} , (4.18)

a^{(PF)}_1 = h^{∗μρ} ( ∂_ρη^ν h_{μν} − η^ν ∂_{[μ}h_{ν]ρ} ) , (4.19)

and a^{(PF)}_0 is the cubic vertex of the Einstein-Hilbert lagrangian plus a cosmological term.^2 Consequently, it follows that a^{(int)} and a^{(Dirac)} are subject to some separate equations

sa^{(int)} = ∂_μm^{(int)μ} , (4.20) sa^{(Dirac)} = ∂_μm^{(Dirac)μ} , (4.21)

for some local m^μ’s. In the sequel we analyze the general solutions to these equations.

Since the Dirac field does not carry gauge symmetries of its own, it results that the Dirac sector can only occur in antighost number one and zero, so, without loss of generality, we take a^{(int)} = a^{(int)}_0 + a^{(int)}_1 (4.22)

in (4.20), where the components involved in the right-hand side of (4.22) are subject to the equations

γa^{(int)}_1 = 0 , (4.23)

δa^{(int)}_1 + γa^{(int)}_0 = ∂_μ^{(0)}m

(int)μ

. (4.24)

2The terms a^{(PF)}_2 and a^{(PF)}_1 given in (4.18) and (4.19) differ from the corresponding ones in [15] by a γ-exact and respectively a δ-exact contribution. However, the difference between our a^{(PF)}_2 + a^{(PF)}_1 and the corresponding sum from [15] is a s-exact modulo d quantity. The associated component of antighost number zero, a^{(PF)}_0 , is nevertheless the same in both formulations. As a consequence, the object a^{(PF)} and the first-order deformation in [15] belong to the same cohomological class from H^0 (s|d).

– 9 –

According to (4.9) in pure ghost number one and because ω^1 is spanned by

ω^{1Δ} = ( η_μ, ∂_{[μ}η_{ν]} ) , we infer that the most general expression of a^{(int)}_1 as solution to the equation (4.23), which complies with all the general requirements imposed on the interacting theory (including the preservation of the number of derivatives on each field with respect to the free theory), is a^{(int)}_1 = ( k_1ψ^∗∂^αψ + k^†_1∂^αψ̄ψ̄^∗ + k_2ψ^∗γ^αψ+

+ k^†_2ψ̄γ^αψ̄^∗ + k_3ψ^∗γ^αγ^μ∂_μψ + k^†_3∂_μψ̄γ^μγ^αψ̄^∗ ) η_α + + ( k_4ψ̄ [ γ^α, γ^β ] ψ̄^∗ − k^†_4ψ^∗ [ γ^α, γ^β ] ψ ) ∂_{[α}η_{β]} . (4.25)

Here, (k_j )_{j=1,4} are arbitrary complex functions of ψ̄ and ψ. If we represent them like

k_j = u_j + iv_j , j = 1, 4 , (4.26)

with u_j and v_j real functions, then direct calculations, based on the definitions (2.9)– (2.13), lead to the elimination of some of these functions from (4.25). For instance, the pieces proportional with the real part of k_3 are

u_3 ( ψ^∗γ^αγ^μ∂_μψ + ∂_μψ̄γ^μγ^αψ̄^∗ ) η_α = s ( −iu_3ψ^∗γ^αψ̄^∗η_α ) − −m ( (iu_3) ψ^∗γ^αψ + (iu_3)^† ψ̄γ^αψ̄^∗ ) η_α . (4.27)

However, we already have in a^{(int)}_1 terms proportional with ψ^∗γ^αψη_α and ψ̄γ^αψ̄^∗η_α. So, if we set k_2 → k^′_2 = k_2 − imu_3 in (4.25), then we can absorb the components proportional with u_3 into those containing k^′_2 and (k^′_2)^† since one can always remove the s-exact terms from a^{(int)} appearing in (4.27) through a redefinition of the type (4.2) corresponding to n^μ = 0. The above analysis leads to the fact that we can safely take

u_3 = 0 (4.28)

in (4.25), without loss of independent contributions to a^{(int)}_1 . Strictly speaking, one may add to a^{(int)}_1 given by (4.25) a term of the type ã^{(int)}_1 = h^{∗μν} η_μF_ν (¯ ψ, ψ ) . On the one hand, we observe that by applying δ on (4.25), then a^{(int)}_1 , if consistent, would lead to some a^{(int)}_0 which contains a single field h_{μν} (or one of its first-order derivatives). On the other hand, from the expression of δã^{(int)}_1 we notice that if consistent, it would give an ã^{(int)}_0 with two h_{μν} (or one h_{μν} and one of its first-order derivatives). As a consequence, ã^{(int)}_1 must satisfy, independently of a^{(int)}_1 , an equation of the type δã^{(int)}_1 + γã^{(int)}_0 = ∂_μρ^μ. However, ã^{(int)}_1 produces a consistent ã^{(int)}_0 if and only if F_ν (¯ ψ, ψ ) = ∂_ν F (¯ ψ, ψ ) . The proof of the last statement can be found in appendix A. Under these conditions, it is easy to see that

ã^{(int)}_1 = ∂_ν ( h^{∗μν} η_μF (¯ ψ, ψ )) − γ ( 1 2 h^{∗μν} h_{μν} F (¯ ψ, ψ )) + +s ( 1 2 η^{∗μ}η_μF (¯ ψ, ψ ) ) , (4.29)

so ã^{(int)}_1 is trivial.

– 10 –

In order to analyze the solution a^{(int)}_0 to the equation (4.24), it is useful to decompose δa^{(int)}_1 along the number of derivatives

δa^{(int)}_1 = 2∑ k=0 ( δa^{(int)}_1 ) k , (4.30)

where ( δa^{(int)}_1 ) k denotes the piece with k-derivatives from δa^{(int)}_1 . According to this de-

composition, it follows that each ( δa^{(int)}_1 ) k should be written in a γ-exact modulo d form,

such that (4.24) is indeed satisfied. Using the definitions (2.9)–(2.11), we consequently obtain ( δa^{(int)}_1 ) 0 = −m ( k_2 + k^†_2 ) ψ̄γ^αψη_α . (4.31)

Due to the fact that the right-hand side of (4.31) contains no derivatives, it results that these terms neither reduce to a total divergence nor can not produce γ-exact terms, so they must be made to vanish k_2 + k^†_2 = 0 , (4.32)

which is equivalent, by means of (4.26), with

u_2 = 0 . (4.33)

The definitions (2.9)–(2.11) and the result (4.28) together with (4.33) further lead to ( δa^{(int)}_1 ) 1 = −m (( k_1 − v_2 m + iv_3 ) ψ̄∂^αψ + ( k_1 − v_2 m + iv_3 )_† ( ∂^αψ̄ ) ψ ) η_α + + m 2 (( v_2 m + iv_3 ) ∂_αψ̄ [ γ^α, γ^β ] ψ − (v_2 m + iv_3 )_† ψ̄ [ γ^α, γ^β ] ∂_αψ ) η_β − −m ( k_4 − k^†_4 ) ψ̄ [ γ^α, γ^β ] ψ∂_{[α} η_{β]} . (4.34)

If we make the notations U (¯ ψ, ψ ) = mk_1 − v_2 + imv_3 , (4.35) V (¯ ψ, ψ ) = v_2 + imv_3 , (4.36)

then the formula (4.34) becomes ( δa^{(int)}_1 ) 1 = ∂^α ( −U^†ψ̄ψη_α + 1 2 V ψ̄ [γ_α, γ_β ] ψη^β ) + γ ( 1 2 U^†ψ̄ψh ) + + (( U^† − U ) ψ̄∂^αψ + 1 2 ( V + V^† ) ψ̄ [ γ^α, γ^β ] ∂_β ψ + 1 2 ψ̄ [ γ^α, γ^β ] ψ∂_β V + + ψ̄ψ∂^αU^† ) η_α − ( 1 4 V + m ( k_4 − k^†_4 )) ψ̄ [ γ^α, γ^β ] ψ∂_{[α}η_{β]} . (4.37)

The right-hand side from (4.37) is γ-exact modulo d if the functions U and V satisfy the equations ( U^† − U ) ψ̄∂^αψ + ψ̄ψ∂^αU^† + 1 2 ψ̄ [ γ^α, γ^β ] ψ∂_β V + + 1 2 ( V + V^† ) ψ̄ [ γ^α, γ^β ] ∂_β ψ = ∂_β P^{βα} , (4.38)

– 11 – where 1 2 ( P^{αβ} − P^{βα} ) = − ( 1 2 V + 2m ( k_4 − k^†_4 )) ψ̄ [ γ^α, γ^β ] ψ . (4.39)

By direct computation we find that the left-hand side of (4.38) reduces to a total derivative if −Uψ̄∂^αψ − U^† ( ∂^αψ̄ ) ψ = 1 2 ∂_β ( P^{βα} + P^{αβ} − 2σ^{αβ} U^†ψ̄ψ ) , (4.40) − 1 2 V ( ∂_βψ̄ ) [ γ^α, γ^β ] ψ + 1 2 V^†ψ̄ [ γ^α, γ^β ] ∂_βψ = 1 2 ∂_β ( P^{βα} − P^{αβ} − V ψ̄ [ γ^α, γ^β ] ψ ) . (4.41)

Now, the left-hand side from (4.40) is a total derivative if

U = U^† (4.42)

and, in addition, U is a polynomial in ψ̄ψ with real coefficients. In this situation we have that −Uψ̄∂^αψ − U^† ( ∂^αψ̄ ) ψ = ∂^αW , (4.43)

where the function W is defined via the relation U = − dW d (¯ ψψ ) , (4.44)

such that (4.40) can be written like ∂_β ( P^{βα} + P^{αβ} − 2σ^{αβ} ( Uψ̄ψ + W )) = 0 . (4.45)

Since the quantity P^{βα} + P^{αβ} − 2σ^{αβ} ( Uψ̄ψ + W ) contains no derivatives, from (4.45) we obtain that P^{βα} + P^{αβ} = 2σ^{αβ} ( Uψ̄ψ + W ) . (4.46)

Inserting (4.39) in (4.41), we arrive at − 1 2 V ( ∂_βψ̄ ) [ γ^α, γ^β ] ψ + 1 2 V^†ψ̄ [ γ^α, γ^β ] ∂_βψ = 2m∂_β (( k_4 − k^†_4 ) ψ̄ [ γ^α, γ^β ] ψ ) . (4.47)

At this stage we observe that the left-hand side of the previous formula leads to a total derivative if V is a purely imaginary constant

V = const , V + V^† = 0 , (4.48)

in which case the relation (4.47) takes the form ∂_β ( − 1 2 V ψ̄ [ γ^α, γ^β ] ψ ) = 2m∂_β (( k_4 − k^†_4 ) ψ̄ [ γ^α, γ^β ] ψ ) , (4.49)

and thus V = −4m ( k_4 − k^†_4 ) . (4.50)

Relying on the last result, by means of (4.39) we obtain

P^{αβ} − P^{βα} = 0 , (4.51)

– 12 – such that (4.46) gives P^{αβ} = σ^{αβ} ( Uψ̄ψ + W ) . (4.52)

Let us analyze the results deduced so far. The relations (4.36) and (4.48) allow us to state that v_3 must be a true constant v_3 = const_1 , (4.53)

while v_2 must vanish v_2 = 0 . (4.54)

In the meantime, the formula (4.50) implies that

v_4 = − v_3 8 . (4.55)

Using (4.35), (4.42) and (4.54) we arrive at

v_1 = −v_3 , (4.56)

such that U = mu_1 . (4.57)

Introducing all the above results into (4.37), we infer that ( δa^{(int)}_1 ) 1 = ∂_α ( W (¯ ψψ ) η^α + imv_3 2 ψ̄ [ γ^α, γ^β ] ψη_β ) − γ ( 1 2 W (¯ ψψ ) h ) . (4.58)

Taking into account the results (4.54)–(4.56), the pieces containing two derivatives from δa^{(int)}_1 can be written like ( δa^{(int)}_1 ) 2 = ∂_μ ( iu_1ψ̄ (γ^α (∂_αψ) η^μ − γ^μ (∂^αψ) η_α) + ( iu_4 − v_3 8 ) ψ̄γ^μ [ γ^α, γ^β ] ψ∂_{[α}η_{β]} + + v_3 2 ψ̄ ( γ^α [ γ^μ, γ^β ] − γ^μ [ γ^α, γ^β ]) (∂_αψ) η_β ) + +γ ( − iu_1 2 ψ̄ ( γ^μ (∂_μψ) h − γ^α ( ∂^β ψ ) h_{αβ} ) − − ( iu_4 − v_3 8 ) ψ̄γ^μ [ γ^α, γ^β ] ψ∂_{[α}h_{β]μ} + v_3 4 ψ̄γ^μ [ γ^α, γ^β ] (∂_αψ) h_{βμ} ) + + ( i (∂_μu_1) ψ̄γ^μ∂^αψ − i (∂^αu_1) ψ̄γ^μ∂_μψ +

+ 2v_3 ( ∂_μψ̄γ^μ∂^αψ − ∂_μψ̄γ^α∂^μψ )) η_α + (4.59) + ( i 2 (u_1 + 16u_4 + iv_3)ψ̄γ^α∂^β ψ − ψ̄γ^μ [ γ^α, γ^β ]( ψi(∂_μu_4) + v_3 4 ∂_μψ )) ∂_{[α}η_{β]}. In consequence, ( δa^{(int)}_1 ) 2 is γ-exact modulo d if

v_3 = 0 , (4.60)

u_1 (¯ ψψ ) + 16u_4 (¯ ψ, ψ ) + iv_3 = 0 , (4.61)

∂_μu_4 (¯ ψ, ψ ) = ∂_μu_1 (¯ ψψ ) = 0 . (4.62)

– 13 –

By means of (4.61)–(4.62) we get that the functions u_1 and u_4 are some constants

u_1 = const_2, u_4 = const_3 , (4.63)

related via the formula u_4 = − u_1 16 . (4.64)

As u_1 is constant, from (4.44) and (4.57) we find that

W = −u_1mψ̄ψ , (4.65)

such that (4.58) becomes ( δa^{(int)}_1 ) 1 = ∂_α ( −u_1mψ̄ψη^α ) + γ ( u_1 2 mψ̄ψh ) . (4.66)

Introducing the results (4.60) and (4.64) in (4.59), it follows that ( δa^{(int)}_1 ) 2 = ∂_μ ( iu_1ψ̄ ( (γ^α (∂_αψ) η^μ − γ^μ (∂^αψ) η_α) − 1 16 γ^μ [ γ^α, γ^β ] ψ∂_{[α}η_{β]} )) + +γ ( − iu_1 2 ψ̄ (( γ^μ∂_μψh − γ^α∂^βψh_{αβ} ) − 1 8 γ^μ [ γ^α, γ^β ] ψ∂_{[α}h_{β]μ} )) . (4.67)

Putting together the formulas (4.26), (4.28), (4.33), (4.54)–(4.56), (4.60), and (4.63)– (4.64), we conclude that the most general expression of a^{(int)}_1 that produces a consistent component in antighost number zero as solution to the equation (4.24) and complies with all the general requirements imposed at the beginning of this section can be expressed in terms of a single arbitrary, real constant, u_1. From now on we will denote this constant by k, such that the resulting a^{(int)}_1 becomes

a^{(int)}_1 = −k ( 1 16 ( ψ̄ [ γ^α, γ^β ] ψ̄^∗ − ψ^∗ [ γ^α, γ^β ] ψ ) ∂_{[α}η_{β]} − ( ψ^∗∂^αψ + ∂^αψ̄ψ̄^∗ ) η_α ) . (4.68)

Then, using (4.24), (4.30), (4.31)–(4.32), (4.66) and (4.67) we find that the corresponding a^{(int)}_0 is

a^{(int)}_0 = k 2 ( ψ̄ (iγ^μ∂_μψ − mψ) h − iψ̄γ^α∂^βψh_{αβ} − i 8 ψ̄γ^μ [ γ^α, γ^β ] ψ∂_{[α}h_{β]μ} ) +ā^{(int)}_0 . (4.69)

In the above, ā^{(int)}_0 represents the general local solution to the homogeneous equation

γā^{(int)}_0 = ∂_μm̄^{(int)μ} , (4.70)

for some local m̄^{(int)μ}. Such solutions correspond to ā^{(int)}_1 = 0 and thus they cannot deform either the gauge algebra or the gauge transformations, but simply the lagrangian at order one in the coupling constant. There are two main types of solutions to (4.70). The first one corresponds to m̄^{(int)μ} = 0 and is given by gauge-invariant, non-integrated densities constructed from the original fields and their spacetime derivatives. According to (4.9) for both pure ghost and antighost numbers equal to zero, they are given by

– 14 – ā^{′(int)}_0 = ā^{′(int)}_0 ( [ψ] , [¯ ψ ] , [K_{μναβ} ] ) , up to the conditions that they effectively describe crosscouplings between the two types of fields and cannot be written in a divergence-like form. Unfortunately, this type of solutions must depend on the linearized Riemann tensor (and possibly of its derivatives) in order to provide cross-couplings, and thus would lead to terms with at least two derivatives of the Dirac spinors. So, by virtue of the derivative order assumption, they must be discarded by setting ā^{′(int)}_0 = 0. The second kind of solutions is associated with m̄^{(int)μ} ≠ 0 in (4.70), being understood that they lead to cross-interactions, cannot be written in a divergence-like form and contain at most one derivative of the fields. Consequently, we obtain that

γā^{(int)}_0 = ∂_ρ ( ∂ā^{(int)}_0 ∂ (∂_ρh_{μν} ) ∂_{(μ}η_{ν)} ) + δā^{(int)}_0 δh_{μν} ∂_{(μ}η_{ν)}

= ∂_ρ ( ∂ā^{(int)}_0 ∂ (∂_ρh_{μν} ) ∂_{(μ}η_{ν)} + 2 δā^{(int)}_0 δh_{ρμ} η_μ ) − 2∂_ρ ( δā^{(int)}_0 δh_{ρμ} ) η_μ . (4.71)

Thus, this ā^{(int)}_0 fulfills (4.70) if and only if its Euler-Lagrange derivatives with respect to the Pauli-Fierz fields satisfy the equations ∂_ρ ( δā^{(int)}_0 δh_{ρμ} ) = 0 . (4.72)

Since ā^{(int)}_0 may contain at most one derivative, it follows that the solution to (4.72) reads as

δā^{(int)}_0 δh_{μν} = ∂_ρD^{ρμν} , (4.73)

where D^{ρμν} contains no derivatives and is antisymmetric in its first two indices^3 D^{ρμν} = −D^{μρν} . (4.74) We insist on the fact that a solution of the type δā^{(int)}_0 /δh_{μν} = ∂_α∂_β D^{μανβ} , with D^{μανβ} possessing the symmetry properties of the Riemann tensor, is not allowed in our case due to the hypothesis on the derivative order, and hence (4.73) is the most general solution to the equation (4.72). Moreover, from (4.73) we have that D^{ρμν} must be symmetric in its last two indices D^{ρμν} = D^{ρνμ} . (4.75)

The properties (4.74) and (4.75) imply that D^{ρμν} = −D^{μρν} = −D^{μνρ} = D^{νμρ} = D^{νρμ} = −D^{ρνμ} = −D^{ρμν} , (4.76) 3Strictly speaking, we might have added to the right-hand side of (4.73) the contribution cσ^{μν} , with c an arbitrary real constant. It would not have led to cross-interactions, but to the cosmological term ch, which has already been considered in a^{(PF)}.

– 15 – and hence D^{ρμν} = 0. Consequently, (4.73) yields

δā^{(int)}_0 δh_{μν} = 0 , (4.77)

and thus we can write that ā^{(int)}_0 = L ( [ψ] , [¯ ψ ]) + ∂_μ ( g^μ ( ψ, ψ̄, h_{αβ} )) . Since we are interested only in cross-interactions, we must set L = 0. At this stage we remain with the trivial solutions ā^{(int)}_0 = ∂_μ ( g^μ ( ψ, ψ̄, h_{αβ} )) , (4.78)

which can be completely removed from the first-order deformation via a transformation of the form (4.2) with b = 0. In conclusion, we can take, without loss of generality

ā^{(int)}_0 = 0 (4.79)

in the solution (4.69). As a consequence of the above discussion, we can state that the antighost number zero component of a^{(int)} reads as

a^{(int)}_0 = k 2 ( ψ̄ (iγ^μ∂_μψ − mψ) h − iψ̄γ^α∂^β ψh_{αβ} − i 8 ψ̄γ^μ [ γ^α, γ^β ] ψ∂_{[α}h_{β]μ} ) . (4.80)

After some computation, we find that

a^{(int)}_1 + a^{(int)}_0 = −k ( 1 16 ( ψ̄ [ γ^α, γ^β ] ψ̄^∗ − ψ^∗ [ γ^α, γ^β ] ψ ) ∂_{[α}η_{β]}− − 1 2 ( ψ^∗∂^αψ + ∂^αψ̄ψ̄^∗ − ∂^αψ^∗ψ − ψ̄∂^αψ̄^∗ ) η_α ) − − k 2 Θ^{μν} h_{μν} + sΛ + ∂_μv^μ , (4.81)

where Θ^{μν} = i 2 ( ψ̄γ^{(μ} ∂^{ν)}ψ − ( ∂^{(μ} ψ̄ ) γ^{ν)}ψ ) , (4.82)

represents the stress-energy tensor of the Dirac field, while Λ is given by

Λ = − k 4 ( ψ^∗ψ + ψ̄ψ̄^∗ ) h . (4.83)

Obviously, the term sΛ + ∂_μv^μ from (4.81) is cohomologically trivial, and hence can be discarded. Thus, the coupling between a Dirac field and one graviton at the first order in the deformation parameter takes the form Θ^{μν} h_{μν} . We cannot stress enough that is not an assumption, but follows entirely from the deformation approach developed here. However, for subsequent purposes it is useful to work with the expressions (4.68) and (4.80) of a^{(int)}_0 and a^{(int)}_1 .

Finally, we analyze the component a^{(Dirac)} from (4.16). As the Dirac action from (2.1) has no non-trivial gauge invariance, it follows that a^{(Dirac)} can only reduce to its component of antighost number zero a^{(Dirac)} = a^{(Dirac)}_0 ( [ψ] , [¯ ψ ]) , (4.84)

– 16 – which is automatically solution to the equation sa^{(Dirac)} ≡ γa^{(Dirac)}_0 = 0. It comes from a^{(Dirac)}

1 = 0 and does not deform the gauge transformations (2.3), but merely modifies the Dirac action. The condition that a^{(Dirac)}_0 is of maximum derivative order equal to one is translated into

a^{(Dirac)}

0 = f (¯ ψ, ψ ) + ( ∂_μψ̄ ) g^μ_1 (¯ ψ, ψ ) + g^μ_2 (¯ ψ, ψ ) ∂_μψ , (4.85)

where f, g^μ_1 and g^μ_2 are polynomials in the undifferentiated spinor fields (since they anticommute). The first polynomial is a scalar (bosonic and real), while the one-tensors g^μ_1 and g^μ_2 are fermionic and spinor-like. They are related via the relation

(g^μ_1 )^† γ_0 = g^μ_2 (4.86)

in order to ensure that a^{(Dirac)}_0 is indeed a scalar.

4.3 Second-order deformation In the previous part of the paper we have seen that the first-order deformation of the theory can be written like the sum between the first-order deformation of the master equation for the Pauli-Fierz theory S^{(PF)}_1 , and the ‘interacting’ part S^{(int)}_1

S^{(int)}_1 = ∫ d^4x ( a^{(int)}_1 + a^{(int)}_0 + a^{(Dirac)}_0 ) , (4.87)

with a^{(int)}_1 , a^{(int)}_0 and a^{(Dirac)}_0 respectively given by (4.68), (4.69) and (4.85).

As shown in appendix B, the first-order deformation is consistent at order two in the coupling constant if the constant k that parametrizes both a^{(int)}_1 and a^{(int)}_0 is equal to unit

k = 1 , (4.88)

and the functions appearing in a^{(Dirac)}_0 are of the form f (¯ ψ, ψ ) = M (¯ ψψ ) , g^μ_1 = 0, g^μ_2 = 0 , (4.89)

with M (¯ ψψ ) a polynomial in ψ̄ψ. Under these circumstances, we have that S_2 = S^{(PF)}_2 + S^{(int)}_2 , where S^{(PF)}_2 can be deduced from [15], and

S^{(int)}_2 = ∫ d^4x ( − 1 2 ( ψ^∗∂^αψ + ∂^αψ̄ψ̄^∗ ) η^βh_{αβ} + + 1 32 ( ψ̄ [ γ^α, γ^β ] ψ̄^∗ − ψ^∗ [ γ^α, γ^β ] ψ ) × × ( η^σ ∂_{[α}h_{β]σ} − 1 2 h_{σ[α} ( ∂_{β]}η^σ − ∂^ση_{β]} )) − − i 4 ψ̄γ^μ∂^ν ψ ( hh_{μν} − 3 2 h_{μσ} h^σ_ν ) − 1 4 (ψ̄iγ^μ∂_μψ − mψ̄ψ) ( h_{αβ} h^{αβ} − 1 2 h^2 ) − − i 32 ψ̄γ^μ [ γ^α, γ^β ] ψ ( h∂_{[α}h_{β]μ} − h^σ_μ∂_{[α}h_{β]σ} + h^σ_α ( 2∂_{[β}h_{σ]μ} + ∂_μh_{βσ} )) + + 1 2 M (¯ ψψ ) h ) . (4.90)

– 17 –

The concrete expression of S^{(int)}_2 is inferred also in appendix B. Making use of (4.88)–(4.89), it results that S^{(int)}_1 takes the final form

S^{(int)}_1 = ∫ d^4x ( − 1 16 ( ψ̄ [ γ^α, γ^β ] ψ̄^∗ − ψ^∗ [ γ^α, γ^β ] ψ ) ∂_{[α}η_{β]} + ( ψ^∗∂^αψ + ∂^αψ̄ψ̄^∗ ) η_α + + 1 2 ( ψ̄ (iγ^μ∂_μψ − mψ) h − iψ̄γ^α∂^βψh_{αβ} − − i 8 ψ̄γ^μ [ γ^α, γ^β ] ψ∂_{[α}h_{β]μ} ) + M (¯ ψψ )) . (4.91)

5. Vierbein versus Pauli-Fierz formulation of spin-two field theory

In this section we correlate the linearized versions of first- and second-order formulations of spin-two field theory via the local BRST cohomology. In view of this, we start from the first-order formulation of spin-two field theory S [e^μ_a , ω_{μab}] = − 1 λ ∫ d^4x ( ω^{ab}_ν ∂_μ (ee^μ_a e^ν_b ) − ω^{ab}_μ ∂_ν (ee^μ_a e^ν_b ) + + 1 2 ee^μ_a e^ν_b ( ω^{ac}_μ ω^b_{ν c} − ω^{ac}_ν ω^b_{μ c} )) , (5.1)

where e^μ_a is the vierbein field and ω_{μab} are the components of the spin connection, while e is the inverse of the vierbein determinant

e = (det (e^μ_a ))^{−1} . (5.2)

In order to linearize action (5.1), we develop the vierbein like

e^μ_a = δ^μ_a − λ 2 f^μ_a , e = 1 + λ 2 f , (5.3)

where f is the trace of f^μ_a . Consequently, we find that the linearized form of (5.1) reads as (we come back to the notations μ, ν, etc. for flat indices)

S^′_0 [f_{μν} , ω_{μαβ} ] = ∫ d^4x ( ω^{αμ}_α (∂_μf − ∂^ν f_{μν} ) + 1 2 ω^{μαβ} ∂_{[α} f_{β]μ}− − 1 2 ( ω^{αβ}_α ω^λ_{λβ} − ω^{μαβ} ω_{αμβ} )) . (5.4)

We mention that the field f_{μν} contains a symmetric, as well as an antisymmetric part. The above linearized action is invariant under the gauge transformations

δ_ϵf_{μν} = ∂_μϵ_ν + ϵ_{μν} , δ_ϵω_{μαβ} = ∂_μϵ_{αβ} , (5.5)

where the latter gauge parameters are antisymmetric, ϵ_{αβ} = −ϵ_{βα}. Eliminating the spin connection components on their equations of motion (auxiliary fields) from (5.4) ω_{μαβ} (f) = 1 2 ( ∂_{[μ} f_{α]β} − ∂_{[μ} f_{β]α} − ∂_{[α} f_{β]μ} ) , (5.6)

– 18 – we obtain the second-order action

S^′_0 [f_{μν} , ω_{μαβ} (f)] = S^{′′}_0 [f_{μν} ] = − ∫ d^4x ( 1 8 ∂^{[μ}f^{ν]α}∂_{[μ}f_{ν]α} + 1 4 ∂^{[μ}f^{ν]α}∂_{[μ}f_{α]ν} − − 1 2 (∂_μf − ∂^ν f_{μν} ) (∂^μf − ∂_αf^{μα}) ) , (5.7)

subject to the gauge invariances

δ_ϵf_{μν} = ∂_{(μ} ϵ_{ν)} + ϵ_{μν} . (5.8)

If we decompose f_{μν} in its symmetric and antisymmetric parts

f_{μν} = h_{μν} + B_{μν} , h_{μν} = h_{νμ} , B_{μν} = −B_{νμ} , (5.9)

the action (5.7) becomes

S^{′′}_0 [f_{μν} ] = S^{′′}_0 [h_{μν} , B_{μν} ] = ∫ d^4x ( − 1 2 ∂_μh_{νρ}∂^μh^{νρ} + ∂_μh^{μρ}∂^ν h_{νρ}− −∂_μh∂_ν h^{νμ} + 1 2 ∂_μh∂^μh ) , (5.10)

while the accompanying gauge transformations are given by

δ_ϵh_{μν} = ∂_{(μ} ϵ_{ν)}, δ_ϵB_{μν} = ϵ_{μν} . (5.11)

It is easy to see that the right-hand side of (5.10) is nothing but the Pauli-Fierz action

S^{′′} [h_{μν} , B_{μν} ] = S^{(PF)}_0 [h_{μν} ] . (5.12)

Now, we show that the local BRST cohomologies associated with the formulations (5.4)– (5.5), (5.10)–(5.11) and the Pauli-Fierz model are isomorphic. As we have previously mentioned, we pass from (5.4)–(5.5) to (5.10)–(5.11) via the elimination of the auxiliary fields ω_{μαβ}, such that the general theorems from section 15 of the first reference in [22] ensure the isomorphism H ( s^′|d ) ≃ H ( s^{′′}|d ) , (5.13) with s^′ and s^{′′} the BRST differentials corresponding to (5.4)–(5.5) and respectively to (5.10) –(5.11). On the other hand, we observe that the field B_{μν} does not appear in (5.10) and is subject to a shift gauge symmetry. Thus, in any cohomological class from H (s^{′′}|d) one can take a representative that is independent of B_{μν} , the shift ghosts and all of their antifields. This is because these variables form contractible pairs that drop out from H (s^{′′}|d) (see the general results from section 14 of the first reference in [22]). As a consequence, we have that H ( s^{′′}|d ) ≃ H (s|d) , (5.14) where s is the Pauli-Fierz BRST differential. Combining (5.13) and (5.14), we arrive at H ( s^′|d ) ≃ H ( s^{′′}|d ) ≃ H (s|d) . (5.15) Because the local BRST cohomology (in ghost number equal to zero and one) controls the deformation procedure, it results that the last isomorphisms allow one to pass in a consistent manner from the Pauli-Fierz version to the first- and second-order ones (in vierbein formulation) during the deformation procedure.

– 19 –

6. Analysis of the deformed theory

It is easy to see that one can go from (5.10)–(5.11) to the Pauli-Fierz version through the partial gauge-fixing B_{μν} = 0. This gauge-fixing is a consequence of the more general gauge-fixing condition [23] σ_{μ[a}e^μ_{b]} = 0 . (6.1)

In the context of this partial gauge-fixing simple computation leads to the vierbein fields and the inverse of their determinant up to the second order in the coupling constant as

e^μ_a =^{(0)}e μ a +g^{(1)}e μ a +g^{2 (2)}e μ a + · · · = δ^μ_a − g 2 h^μ_a +

3g^2 8 h^ρ_a h^μ_ρ + · · · , (6.2)

e =^{(0)}e +g^{(1)}e +g^{2 (2)}e + · · · = 1 + g 2 h + g^2 8 ( h^2 − 2h_{μν} h^{μν} ) + · · · . (6.3)

Based on the isomorphisms (5.15), we can further pass to the analysis of the deformed theory obtained in the previous sections. The component of antighost number equal to zero in S^{(int)}_1 is precisely the interacting lagrangian at order one in the coupling constant

L^{(int)}_1 = a^{(int)}_0 + a^{(Dirac)}_0 = 1 2 ψ̄ (iγ^μ∂_μψ − mψ) h + ( − i 2 ψ̄γ^α∂^β ψh_{αβ} ) − − i 16 ψ̄γ^μ [ γ^α, γ^β ] ψ∂_{[α}h_{β]μ} + M (¯ ψψ ) (6.4)

≡^{(1)}e L^{(D)}_0 +^{(0)}e^{(1)}e μ a ψ̄iγ^{a (0)}D_μ ψ+^{(0)}e^{(0)}e^μ_a ψ̄iγ^{a (1)}D_μ ψ+^{(0)}e M (ψ̄ψ) ,

where_{(0)} D μ= ∂μ , (6.5) and_{(1)} D μ= 1 16 (1) ω_{μab} [ γ^a, γ^b ] , (6.6)

with_{(1)} ω_{μab}= −∂_{[a}h_{b]μ} (6.7)

the linearized form of the full spin-connection

ω_{μab} = e^ν_b ∂_ν e_{aμ} − e^ν_a ∂_ν e_{bμ} + e_{aν} ∂_μe^ν_b − e_{bν} ∂_μe^ν_a + e^ρ_{[a} e^ν_{b]} e_{cμ}∂_ν e^c_ρ

= g^{(1)}ω_{μab} +g^{2 (2)}ω_{μab} + · · · . (6.8)

In (6.8) e_{aμ} represents the inverse of the vierbein field. Along the same line, the piece of antighost number equal to zero from the second-order deformation offers us the interacting lagrangian at order two in the coupling constant

L^{(int)}_2 = b^{(int)}_0 = 1 8 (¯ ψiγ^μ∂_μψ − mψ̄ψ ) ( h^2 − 2h_{μν} h^{μν} ) + 1 2 hM (¯ ψψ ) + + ( − i 4 ψ̄γ^μ∂^ν ψhh_{μν} ) + ( − i 32 ψ̄γ^μ [ γ^α, γ^β ] ψh∂_{[α}h_{β]μ} ) +

– 20 –

+ ( 3i 8 ψ̄γ^μ∂^ν ψh_{μσ} h^σ_ν ) + ( + i 32 ψ̄γ^μ [ γ^α, γ^β ] ψh^σ_μ∂_{[α}h_{β]σ} ) + + ( − i 64 ψ̄γ^μ [ γ^α, γ^β ] ψ ( 2h^ρ_{[α} ( ∂_{β]}h_{ρμ} ) + 2 ( ∂_ρh_{μ[α} ) h^ρ_{β]} − ( ∂_μh_{ρ[α} ) h^ρ_{β]} ))

≡^{(1)}e M (¯ ψψ ) +^{(2)}e L^{(D)}_0 +^{(1)}e^{(1)}e μ a ψ̄iγ^{a (0)}D_μ ψ+^{(1)}e^{(0)}e^μ_a ψ̄iγ^{a (1)}D_μ ψ +

+^{(0)}e^{(2)}e μ a ψ̄iγ^{a (0)}D_μ ψ+^{(0)}e^{(1)}e^μ_a ψ̄iγ^{a (1)}D_μ ψ+^{(0)}e^{(0)}e^μ_a ψ̄iγ^{a (2)}D_μ ψ , (6.9)

where_{(2)} D μ= 1 16 (2) ω_{μab} [ γ^a, γ^b ] , (6.10)

while_{(2)} ω_{μab}= − 1 4 ( 2h_{c[a} ( ∂_{b]}h^c_μ ) − 2h^ν_{[a} ∂_ν h_{b]μ} − ( ∂_μh^ν_{[a} ) h_{b]ν} ) (6.11)

is the second-order approximation of the spin-connection. With the help of (6.4) and (6.9) we deduce that L^{(D)}_0 + gL^{(int)}_1 + g^2L^{(int)}_2 + · · · comes from expanding the fully deformed lagrangian L^{(int)} = eψ̄ (ie^μ_a γ^aD_μψ − mψ) + geM (¯ ψψ ) , (6.12)

where D_μψ = ∂_μψ + 1 16 ω_{μab} [ γ^a, γ^b ] ψ (6.13)

is the full covariant derivative of ψ.

The pieces linear in the antifields ψ^∗ and ψ̄^∗ from the deformed solution to the master equation give us the deformed gauge transformations for the Dirac fields as

δ_ϵψ = g (∂^αψ) ϵ_α + g 16 [ γ^α, γ^β ] ψ∂_{[α}ϵ_{β]} − g^2 2 (∂^αψ) ϵ^βh_{αβ} − − g^2 32 [ γ^α, γ^β ] ψ ( ϵ^σ∂_{[α}h_{β]σ} − 1 2 h_{σ[α} ( ∂_{β]}ϵ^σ − ∂^σϵ_{β]} )) + · · · = g^{(1)}δ_ϵ ψ + g^{2 (2)}δ_ϵ ψ + · · · , (6.14) δ_ϵψ̄ = g ( ∂^αψ̄ ) ϵ_α − g 16 ψ̄ [ γ^α, γ^β ] ∂_{[α}ϵ_{β]} − g^2 2 ( ∂^αψ̄ ) ϵ^βh_{αβ} + + g^2 32 ψ̄ [ γ^α, γ^β ] ( ϵ^σ∂_{[α}h_{β]σ} − 1 2 h_{σ[α} ( ∂_{β]}ϵ^σ − ∂^σϵ_{β]} ) ) + · · · = g^{(1)}δ_ϵ ψ̄ + g^{2 (2)}δ_ϵ ψ̄ + · · · . (6.15)

The first two orders of the gauge transformations can be put under the form (1) δ ϵ ψ = (∂μψ)^{(0)}ϵ̄ μ + 1 8 [ γ^a, γ^b ] ψ^{(0)}ϵ_{ab} , (6.16) (2) δ ϵ ψ = (∂μψ)^{(1)}ϵ̄ μ + 1 8 [ γ^a, γ^b ] ψ^{(1)}ϵ_{ab} , (6.17) (1) δ ϵ ψ̄ = ( ∂_μψ̄ ) (0) ϵ̄ μ − 1 8 ψ̄ [ γ^a, γ^b ]_{(0)}

ϵ_{ab}, (6.18) (2) δ ϵ ψ̄ = ( ∂_μψ̄ ) (1) ϵ̄ μ − 1 8 ψ̄ [ γ^a, γ^b ]_{(1)}

ϵ_{ab}, (6.19)

– 21 – where we used the notations (0) ϵ̄ μ = ϵ^μ = ϵ^aδ^μ_a ,^{(1)}ϵ̄ μ = − 1 2 ϵ^ah^μ_a , (6.20) (0) ϵ_{ab} = 1 2 ∂_{[a}ϵ_{b]}, (6.21) (1) ϵ_{ab} = − 1 4 ϵ^c∂_{[a}h_{b]c} + 1 8 h^c_{[a}∂_{b]}ϵ_c + 1 8 ( ∂_cϵ_{[a} ) h^c_{b]} . (6.22)

Based on these notations, the gauge transformations of the spinors take the form δ_ϵψ = g ( (∂_μψ) (_{(0)} ϵ̄ μ +g^{(1)}ϵ̄ μ + · · · ) + 1 8 [ γ^a, γ^b ] ψ (_{(0)} ϵ_{ab} +g^{(1)}ϵ_{ab} + · · · )) , (6.23) δ_ϵψ̄ = g (( ∂_μψ̄ ) ((0) ϵ̄ μ +g^{(1)}ϵ̄ μ + · · · ) − 1 8 ψ̄ [ γ^a, γ^b ] (_{(0)}

ϵ_{ab} +g^{(1)}ϵ_{ab} + · · · )) . (6.24)

The gauge parameters^{(0)}ϵ_{ab} si^{(1)}ϵ_{ab} are precisely the first two terms from the Lorentz parameters expressed in terms of the flat parameters ϵ^a via the partial gauge-fixing (6.1). Indeed, (6.1) leads to δ_ϵ ( σ_{μ[a}e^μ_{b]} ) = 0, (6.25)

where δ_ϵe^μ_a = ϵ̄^ρ∂_ρe^μ_a − e^ρ_a ∂_ρϵ̄^μ + ϵ^b_a e^μ_b . (6.26)

Substituting (6.2) together with the expansions

ϵ̄^μ =^{(0)}ϵ̄ μ +g^{(1)}ϵ̄ μ + · · · = ( δ^μ_a − g 2 h^μ_a + · · · ) ϵ^a (6.27) and ϵ_{ab} =^{(0)}ϵ_{ab} +g^{(1)}ϵ_{ab} + · · · (6.28)

in (6.25), we arrive precisely to (6.21)–(6.22). At this point it is easy to see that the gauge transformations (6.23)–(6.24) come from the perturbative expansion of the full gauge transformations δ_ϵψ = g ( ∂_μψϵ̄^μ + 1 8 [ γ^a, γ^b ] ψϵ_{ab} ) , (6.29) δ_ϵψ̄ = g ( ∂_μψ̄ϵ̄^μ − 1 8 ψ̄ [ γ^a, γ^b ] ϵ_{ab} ) . (6.30)

The full gauge transformations can be suggestively written like δ_ϵψ = g ( ∂_μψϵ̄^μ + 1 2 Σ^{ab}ψϵ_{ab} ) , (6.31) δ_ϵψ̄ = g ( ∂_μψ̄ϵ̄^μ − 1 2 ψ̄Σ^{ab}ϵ_{ab} ) , (6.32)

where Σ^{ab} = 1 4 [ γ^a, γ^b ] (6.33)

– 22 – are the spin operators, whose commutators read as [ Σ^{ab}, Σ^{cd} ] = σ^{a[c}Σ^{d]b} − σ^{b[c}Σ^{d]a} . (6.34)

In conclusion, the interaction between a Dirac field and one spin-two field leads to the interacting lagrangian (6.12), while the gauge transformations of the Dirac spinors are given by (6.31) and (6.32).

7. Impossibility of cross-interactions between gravitons in the presence of the Dirac field

As it has been proved in [15], there are no direct cross-couplings that can be introduced in a finite collection of gravitons and also no intermediate cross-couplings between different gravitons in the presence of a scalar field. In this section, under the hypotheses of locality, smoothness of the interactions in the coupling constant, Poincaré invariance, (background) Lorentz invariance and the preservation of the number of derivatives on each field, we will prove that there are no intermediate cross-couplings between different gravitons in the presence of a Dirac field.

Now, we start from a sum of Pauli-Fierz actions and a Dirac action

S^L_0 [ h^A_{μν} , ψ, ψ̄ ] = ∫ d^4x ( − 1 2 ∂_μh^A_{νρ}∂^μh^{νρ}_A + ∂_μh^{μρ}_A ∂^ν h^A_{νρ} − ∂_μh^A∂_ν h^{νμ}_A + 1 2 ∂_μh^A∂^μh_A ) + + ∫ d^4xψ̄ (iγ^μ∂_μψ − mψ) , (7.1) where h_A is the trace of the field h^{μν}_A (h_A = σ_{μν} h^{μν}_A ), while A = 1, 2, . . . , n. The gauge transformations of the action (7.1) are

δ_ϵh^A_{μν} = ∂_{(μ}ϵ^A_{ν)} , δ_ϵψ = δ_ϵψ̄ = 0 . (7.2)

The BRST complex comprises the fields/ghosts

ϕ^{α0} = ( h^A_{μν} , ψ, ψ̄ ) , η^A_μ , (7.3)

and respectively the antifields

ϕ^∗_{α0} = ( h^{∗μν}_A , ψ^∗, ψ̄^∗ ) , η^{∗μ}_A . (7.4)

The BRST differential splits in this situation like in (2.5), while the actions of δ and γ on the BRST generators are defined by δh^{∗μν}_A = 2H^{μν}_A , δψ^∗ = − ( mψ̄ + i∂_μψ̄γ^μ ) , (7.5) δψ̄^∗ = − (iγ^μ∂_μψ − mψ) , δη^{∗μ}_A = −2∂_ν h^{∗μν}_A , (7.6) δϕ^{α0} = 0 , δη^A_μ = 0 , (7.7) γϕ^∗_{α0} = 0 , γη^{∗μ}_A = 0 , (7.8) γh^A_{μν} = ∂_{(μ}η^A_{ν)} , γψ = γψ̄ = 0, γη^A_μ = 0 , (7.9)

– 23 – where H^{μν}_A = K^{μν}_A −^1_2 σ^{μν} K_A is the linearized Einstein tensor for the field h^{μν}_A . In this case the solution to the master equation reads as S̄ = S^L_0 [h^A_{μν} , ψ, ψ̄] + ∫ d^4x ( h^{∗μν}_A ∂_{(μ}η^A_{ν)} ) . (7.10)

The first-order deformation of the solution to the master equation may be decomposed in a manner similar to the case of a single graviton

α = α^{(PF)} + α^{(int)} + α^{(Dirac)} . (7.11)

The first-order deformation in the Pauli-Fierz sector, α^{(PF)}, is of the form [15]

α^{(PF)} = α^{(PF)}_2 + α^{(PF)}_1 + α^{(PF)}_0 , (7.12)

with α^{(PF)}_2 = 1 2 f^A_{BC} η^{∗μ}_A η^{Bν} ∂_{[μ}η^C_{ν]} . (7.13)

In (7.13), all the coefficients f^A_{BC} are constant. The condition that α^{(PF)}_2 indeed produces a consistent α^{(PF)}_1 implies that these constants must be symmetric in their lower indices [15]^4

f^A_{BC} = f^A_{CB} . (7.14)

With (7.14) at hand, we find that

α^{(PF)}_1 = f^A_{BC} h^{∗μρ}_A ( ∂_ρη^{Bν} h^C_{μν} − η^{Bν} ∂_{[μ}h^C_{ν]ρ} ) . (7.15)

The requirement that α^{(PF)}_1 leads to a consistent α^{(PF)}_0 implies that [15]^5 f_{ABC} = 1 3 f_{(ABC)} , (7.16)

where, by definition, f_{ABC} = δ_{AD}f^D_{BC} . Based on (7.16), we obtain that the resulting α^{(PF)}_0 reads as in [15] (where this component is denoted by a_0 and f_{ABC} by a_{abc}).

If we go along exactly the same line like in the subsection 4.2, we get that α^{(int)} = α^{(int)}_1 + α^{(int)}_0 , where

α^{(int)}_1 = k_A ( ψ^∗∂^αψ + ∂^αψ̄ψ̄^∗ ) η^A_α − − k_A 16 ( ψ̄ [ γ^α, γ^β ] ψ̄^∗ − ψ^∗ [ γ^α, γ^β ] ψ ) ∂_{[α}η^A_{β]} , (7.17)

α^{(int)}_0 = k_A 2 ( ψ̄ (iγ^μ∂_μψ − mψ) h^A − iψ̄γ^α∂^β ψh^A_{αβ} ) − − ik_A 16 ψ̄γ^μ [ γ^α, γ^β ] ψ∂_{[α}h^A_{β]μ} , (7.18)

4The term (7.13) differs from that corresponding to [15] through a γ-exact term, which does not affect (7.14).

5The piece (7.15) differs from that corresponding to [15] through a δ-exact term, which does not change (7.16).

– 24 – and k_A are some real constants. Meanwhile, we find in a direct manner that

α^{(Dirac)} = a^{(Dirac)}_0 , (7.19)

with a^{(Dirac)}

0 given in (4.85).

Let us investigate next the consistency of the first-order deformation. If we perform the notations

Ŝ^{(PF)}_1 = ∫ d^4xα^{(PF)} , (7.20)

Ŝ^{(int)}_1 = ∫ d^4x ( α^{(int)} + α^{(Dirac)} ) , (7.21)

Ŝ_1 = Ŝ^{(PF)}_1 + Ŝ^{(int)}_1 , (7.22)

then the equation ( Ŝ_1, Ŝ_1 ) + 2Ŝ_2 = 0 (expressing the consistency of the first-order deformation) equivalently splits into the equations ( Ŝ^{(PF)}_1 , Ŝ^{(PF)}_1 ) + 2Ŝ^{(PF)}_2 = 0 , (7.23) 2 ( Ŝ^{(PF)}_1 , Ŝ^{(int)}_1 ) + ( Ŝ^{(int)}_1 , Ŝ^{(int)}_1 ) + 2Ŝ^{(int)}_2 = 0 , (7.24)

where Ŝ_2 = Ŝ^{(PF)}_2 + Ŝ^{(int)}_2 . The equation (7.23) requires that the constants f^C_{AB} satisfy the supplementary conditions [15] f^D_{A[B}f^E_{C]D} = 0 , (7.25)

so they are the structure constants of a finite-dimensional, commutative, symmetric and associative real algebra A. The analysis realized in [15] shows us that such an algebras has a trivial structure (being expressed like a direct sum of some one-dimensional ideals). So we obtain that f^C_{AB} = 0 if A ≠ B . (7.26)

Let us analyze now the equation (7.24). If we denote by Δ̂^{(int)} and β^{(int)} the nonintegrated densities of the functionals 2 ( Ŝ^{(PF)}_1 , Ŝ^{(int)}_1 ) + ( Ŝ^{(int)}_1 , Ŝ^{(int)}_1 ) and respectively of Ŝ^{(int)}_2 , then the equation (7.24) in local form becomes

Δ̂^{(int)} = −2sβ^{(int)} + ∂_μk^μ , (7.27)

with gh ( Δ̂^{(int)} ) = 1 , gh ( β^{(int)} ) = 0 , gh (k^μ) = 1 . (7.28)

The computation of Δ̂^{(int)} reveals in our case the following decomposition along the antighost number

Δ̂^{(int)} = Δ̂^{(int)}_0 + Δ̂^{(int)}_1 , agh ( Δ̂^{(int)}_I ) = I , I = 0, 1 , (7.29)

– 25 – with

Δ̂^{(int)}_1 = γ ( k_Ak_B ( ψ^∗∂^αψ + ∂^αψ̄ψ̄^∗ ) η^{Aβ} h^B_{αβ} − − 1 16 M^{αβ} (( 2k_Ak_B − k_Df^D_{AB} ) η^{Aσ}∂_{[α}h^B_{β]σ} − k_Df^D_{AB}h^{Aρ}_α ∂_{[β}η^B_{ρ]} )) + (7.30) + ( k_Df^D_{AB} − k_Ak_B ) ( ( ψ^∗∂^αψ + ∂^αψ̄ψ̄^∗ ) η^{Aβ}∂_{[α}η^B_{β]} − 1 16 M^{αβ}σ^{μν} ∂_{[α}η^A_{μ]}∂_{[β}η^B_{ν]} ) , where we used the notation M^{αβ} = ψ̄ [ γ^α, γ^β ] ψ̄^∗ − ψ^∗ [ γ^α, γ^β ] ψ . (7.31)

The concrete form of Δ̂^{(int)}_0 is not important in what follows and therefore we will skip it. Due to the decomposition (7.29), we have that β^{(int)} and k^μ from (7.27) can be decomposed like

β^{(int)} = β^{(int)}_0 + β^{(int)}_1 + β^{(int)}_2 , agh ( β^{(int)}_I ) = I , I = 0, 1, 2 , (7.32)

k^μ = k^μ_0 + k^μ_1 + k^μ_2 , agh ( k^μ_I ) = I , I = 0, 1, 2 . (7.33)

By projecting the equation (7.27) on various values of the antighost number, we obtain the tower of equations

γβ^{(int)}_2 = ∂_μ ( 1 2 k^μ_2 ) , (7.34)

Δ̂^{(int)}_1 = −2 ( δβ^{(int)}_2 + γβ^{(int)}_1 ) + ∂_μk^μ_1 , (7.35)

Δ̂^{(int)}_0 = −2 ( δβ^{(int)}_1 + γβ^{(int)}_0 ) + ∂_μk^μ_0 . (7.36)

By a trivial redefinition, the equation (7.34) can always be replaced with

γβ^{(int)}_2 = 0 . (7.37)

Analyzing the expression of Δ̂^{(int)}_1 in (7.30) we observe that it can be expressed as in (7.35) if χ̂ = ( k_Df^D_{AB} − k_Ak_B ) (( ψ^∗∂^αψ + ∂^αψ̄ψ̄^∗ ) η^{Aβ}∂_{[α}η^B_{β]} − 1 16 M^{αβ}σ^{μν} ∂_{[α}η^A_{μ]}∂_{[β}η^B_{ν]} ) , (7.38)

can be put in the form χ̂ = δφ̂ + γω̂ + ∂_μj^μ. (7.39)

Assume that (7.39) holds. Then, by applying δ on this equation we infer

δχ̂ = γ (−δω̂) + ∂_μ (δj^μ) . (7.40)

– 26 –

On the other hand, if we use the concrete expression (7.38) of χ̂, by direct computation we are led to δχ̂ = γ ( δ ( − ( k_Df^D_{AB} − k_Ak_B )¯ ψψ̄^∗η^A_μ ( ∂^μh^B − ∂_ν h^{Bμν} )) + + ( k_Df^D_{AB} − k_Ak_B ) ( iψ̄γ_μ∂^αψ ( 1 2 h^{Aμβ} ∂_{[α}η^B_{β]} − η^{Aβ} ∂_{[α}h^{Bμ}_{β]} ) − − i 8 ψ̄γ^μ [ γ^α, γ^β ] ψσ^{ρλ}∂_{[ρ}η^A_{α]}∂_{[λ}η^B_{β]} )) + +∂_μ ( δ (( k_Df^D_{AB} − k_Ak_B )¯ ψψ̄^∗η^{Aν} ( ∂^μη^B_ν − ∂_ν η^{Bμ} )) + + i ( k_Df^D_{AB} − k_Ak_B ) (¯ ψγ^μ∂^αψη^{Aβ} ∂_{[α}η^B_{β]} + + 1 16 ψ̄γ^μ [ γ^α, γ^β ] ψσ^{ρλ}∂_{[ρ}η^A_{α]}∂_{[λ}η^B_{β]} )) . (7.41)

The right-hand side of (7.41) can be written like in the right-hand side of (7.40) if the following conditions are simultaneously fulfilled ( k_Df^D_{AB} − k_Ak_B ) ( iψ̄γ_μ∂^αψ ( 1 2 h^{Aμβ} ∂_{[α}η^B_{β]} − η^{Aβ}∂_{[α}h^{Bμ}_{β]} ) − − i 8 ψ̄γ^μ [ γ^α, γ^β ] ψσ^{ρλ}∂_{[ρ}η^A_{α]}∂_{[λ}η^B_{β]} ) = −δω̂^′ , (7.42) +i ( k_Df^D_{AB} − k_Ak_B ) ( ψ̄γ^μ∂^αψη^{Aβ} ∂_{[α}η^B_{β]} + + 1 16 ψ̄γ^μ [ γ^α, γ^β ] ψσ^{ρλ}∂_{[ρ}η^A_{α]}∂_{[λ}η^B_{β]} ) = δj^{′μ} . (7.43)

However, from the action of δ on the BRST generators we observe that none of h^{Aμβ} , ∂_{[α}h^A_{β]μ}, η^A_β and ∂_{[λ}η^A_{β]} are δ-exact. In consequence, the relations (7.42)–(7.43) hold if the equations ψ̄γ^μ∂_αψ = δΩ^μ_α , (7.44) and ψ̄γ^μ [γ_α, γ_β ] ψ = δΓ^μ_{αβ} (7.45)

take place simultaneously. Let us suppose that the relations (7.44)–(7.45) are indeed satisfied. Acting with ∂_μ on (7.44)–(7.45) we arrive at ∂_μ (¯ ψγ^μ∂_αψ ) = δ (∂_μΩ^μ_α) , (7.46) and ∂_μ (¯ ψγ^μ [γ_α, γ_β ] ψ ) = δ ( ∂_μΓ^μ_{αβ} ) . (7.47)

On the other hand, by direct computation we arrive at ∂_μ (¯ ψγ^μ∂^αψ ) = δ ( −i ( ψ^∗∂^αψ − ψ̄∂^αψ̄^∗ )) , (7.48) ∂_μ (¯ ψγ^μ [γ_α, γ_β ] ψ ) = δ (iM_{αβ}) − 4ψ̄γ_{[α} ∂_{β]}ψ . (7.49)

– 27 –

The right-hand sides of (7.48)–(7.49) are not of the same type like the corresponding ones in (7.46)–(7.47). This means that the relations (7.44)–(7.45) are not valid, and therefore neither are (7.42)–(7.43). As a consequence, χ̂ must vanish, which further implies that

k_Df^D_{AB} − k_Ak_B = 0 . (7.50)

Using (7.50) and (7.26) we obtain that for A ≠ B

k_Ak_B = 0 , (7.51)

which shows that the Dirac fields can couple to only one graviton, which proves the assertion from the beginning of this section.

8. Conclusion

To conclude with, in this paper we have investigated the couplings between a collection of massless spin-two fields (described in the free limit by a sum of Pauli-Fierz actions) and a Dirac field using the powerful setting based on local BRST cohomology. Initially, we have shown that, if we decompose the metric like g_{μν} = σ_{μν} + gh_{μν} , then we can couple Dirac spinors to h_{μν} in the space of formal series with the maximum derivative order equal to one in h_{μν} , such that the final results agree with the usual couplings between the spin-1/2 and the massless spin-two field in the vierbein formulation. Based on this result, we have proved, under the hypotheses of locality, smoothness of the interactions in the coupling constant, Poincaré invariance, (background) Lorentz invariance and the preservation of the number of derivatives on each field, that there are no consistent cross-interactions among different gravitons in the presence of a Dirac field.

Acknowledgments

Three of the authors (C.B., E.M.C. and S.O.S.) are partially supported by the European Commission FP6 program MRTN-CT-2004-005104 and by the type A grant 305/2004 with the Romanian National Council for Academic Scientific Research (C.N.C.S.I.S.) and the Romanian Ministry of Education and Research (M.E.C.). Useful discussions with Glenn Barnich and Ion I. Cotaescu are also acknowledged.

A. Proof of a statement made in subsection 4.2

Here, we prove that a term of the type

ã^{(int)}_1 = h^{∗μν} η_μF_ν (¯ ψ, ψ ) (A.1)

is consistent in antighost number zero,

δã^{(int)}_1 + γã^{(int)}_0 = ∂_μρ^μ , (A.2)

if and only if F_ν (¯ ψ, ψ ) = ∂_ν F (¯ ψ, ψ ) . (A.3)

– 28 –

Indeed, by applying δ on ã^{(int)}_1 we obtain that

δã^{(int)}_1 = −2H^{μν} η_μF_ν (¯ ψ, ψ ) . (A.4)

It is easy to see that, if F_ν (¯ ψ, ψ ) if the form (A.3), then (A.4) implies

δã^{(int)}_1 = γ ( H^{μν} h_{μν} F (¯ ψ, ψ )) + ∂_μ ( −2H^{μν} η_ν F (¯ ψ, ψ )) , (A.5)

and therefore ã^{(int)}_1 indeed checks an equation of the type (A.2). Let us suppose now that ã^{(int)}_1 satisfies the equation (A.2). Inserting the relations

γã^{(int)}_0 = 2 δã^{(int)}_0 δh_{μν} ∂_μη_ν + ∂_μt^μ , (A.6)

and (A.4) in (A.2), we get that

−2H^{μν} η_μF_ν (¯ ψ, ψ ) + 2 δã^{(int)}_0 δh_{μν} ∂_ν η_μ = ∂_μp^μ . (A.7)

The left-hand side of the last relation reduces to a total derivative if H^{μν} F_ν (¯ ψ, ψ ) = −∂_ν δã^{(int)}_0 δh_{μν} . (A.8)

In order to investigate under what conditions the left-hand side of (A.8) also provides a total derivative, we start from the fact that H^{μν} = ∂_α∂_βϕ^{μανβ} , (A.9) where ϕ^{μανβ} = 1 2 ( −h^{μν} σ^{αβ} + h^{αν} σ^{μβ} + h^{μβ} σ^{αν} − h^{αβ} σ^{μν} + +h ( σ^{μν} σ^{αβ} − σ^{μβ}σ^{αν} )) . (A.10)

By means of (A.9) we further deduce that H^{μν} F_ν = ∂_ν ( ∂_βϕ^{μναβ} F_α − ϕ^{μβαν} ∂_βF_α ) + 1 2 ϕ^{μανβ} ∂_α∂_{[β} F_{ν]} . (A.11)

Thus, the right-hand side of (A.11) gives a total derivative if and only if

ϕ^{μανβ} ∂_α∂_{[β} F_{ν]} = 0 ,

which further yields F_ν = ∂_ν F . This completes the proof.

– 29 –

B. Complete computation of the second-order deformation

In this appendix we are interested in determining the complete expression of the secondorder deformation for the master equation, which is known to be subject to the equation (3.5). Proceeding in the same manner like during the first-order deformation procedure, we can write the second-order deformation of the master equation like the sum between the Pauli-Fierz and the interacting parts

S_2 = S^{(PF)}_2 + S^{(int)}_2 . (B.1)

The piece S^{(PF)}_2 describes the second-order deformation in the Pauli-Fierz sector and we will not insist on it since we are merely interested in the cross-couplings. The term S^{(int)}_2 results as solution to the equation 1 2 (S_1, S_1)^{(int)} + sS^{(int)}_2 = 0 , (B.2)

where (S_1, S_1)^{(int)} = ( S^{(int)}_1 , S^{(int)}_1 ) + 2 ( S^{(PF)}_1 , S^{(int)}_1 ) . (B.3)

If we denote by Δ^{(int)} and b^{(int)} the non-integrated densities of (S_1, S_1)^{(int)} and respectively of S^{(int)}_2 , the local form of (B.2) becomes

Δ^{(int)} = −2sb^{(int)} + ∂_μn^μ , (B.4)

with gh ( Δ^{(int)} ) = 1 , gh ( b^{(int)} ) = 0 , gh (n^μ) = 1 , (B.5)

for some local currents n^μ. Direct computation shows that Δ^{(int)} decomposes like

Δ^{(int)} = Δ^{(int)}_0 + Δ^{(int)}_1 , agh ( Δ^{(int)}_I ) = I , I = 0, 1, (B.6)

with

Δ^{(int)}_1 = γ ( k^2 ( ψ^∗∂^αψ + ∂^αψ̄ψ̄^∗ ) η^βh_{αβ} + + k 16 M^{αβ} ( (1 − 2k) η^σ∂_{[α}h_{β]σ} + 1 2 h_{σ[α} ( ∂_{β]}η^σ − ∂^σ η_{β]} ))) + +k (1 − k) ( ψ^∗∂_αψ + ∂_αψ̄ψ̄^∗ ) η_β ∂^{[α} η^{β]} − − k 16 (1 − k) M^{αβ} σ^{μν} ∂_{[α}η_{μ]}∂_{[β}η_{ν]} , (B.7) and Δ^{(int)}_0 = kL^{(D)}_0 ( h_{αβ} ∂^αη^β + η^β (∂_βh − ∂^αh_{αβ} ) ) + + ik 2 ψ̄γ^{(α}∂^{β)}ψ (−h_{σα}∂_βη^σ + η^σ (∂_{(α}h_{β)σ} − 2∂_σh_{αβ} )) + + ik 8 ψ̄γ^μ[γ^α, γ^β ]ψ∂_α (η^σ (∂_{(β} h_{μ)σ} − 2∂_σ h_{μβ} ) − (∂_{(β} η^σ) h_{μ)σ} ) +

– 30 –

+k^2h ( ∂^σ ( L^{(D)}_0 ) η_σ + ψ̄iγ^α ( ∂^βψ ) ∂_αη_β ) − −ik^2h_{αβ} ( ∂^σψ̄γ^α∂^β ψη_σ + ψ̄γ^α∂^β (∂^σψη_σ ) ) − − ik^2 8 ∂^σ ( ψ̄γ^μ[γ^α, γ^β ]ψ ) η_σ∂_{[α}h_{β]μ} + ik^2 16 ψ̄γ^μ[γ^α, γ^β ]ψh∂_μ (∂_{[α}η_{β]}) + + ik^2 16 ( ψ̄[γ^μ, γ^ν ]γ^α ( ∂^β ψ ) h_{αβ} ∂_{[μ}η_{ν]} − ψ̄γ^α[γ^μ, γ^ν ]∂^β ( ψ∂_{[μ}η_{ν]} ) h_{αβ} ) + + ik^2 128 ψ̄ ( [γ^ρ, γ^λ]γ^μ[γ^α, γ^β ] − γ^μ[γ^α, γ^β][γ^ρ, γ^λ] ) ψ∂_{[α}h_{β]μ}∂_{[ρ}η_{λ]} + +γ ( −k ( f (¯ ψ, ψ ) + ∂_μψ̄g^μ_1 (¯ ψ, ψ ) + g^μ_2 (¯ ψ, ψ ) ∂_μψ ) h + + kh_{μν} ( ∂^νψ̄g^μ_1 (¯ ψ, ψ ) + g^μ_2 (¯ ψ, ψ ) ∂^ν ψ )) + + k 8 ( ∂^Rf ∂ψ [γ^μ, γ^ν ] ψ − ψ̄ [γ^μ, γ^ν ] ∂^Lf ∂ψ̄ ) ∂_{[μ}η_{ν]} + + k 8 ∂_{[μ}η_{ν]} ( ψ̄ [γ^μ, γ^ν ] ∂_ρg^ρ_1 − ∂_ρg^ρ_2 [γ^μ, γ^ν ] ψ + + ∂^R ( ∂_ρψ̄g^ρ_1 + g^ρ_2 ∂_ρψ ) ∂ψ [γ^μ, γ^ν ] ψ − ψ̄ [γ^μ, γ^ν ] ∂^L ( ∂_ρψ̄g^ρ_1 + g^ρ_2 ∂_ρψ ) ∂ψ̄ − − 4 ( ∂^{[μ} ψ̄g^{ν]}_1 − g^{[μ}_2 ∂^{ν]}ψ )) , (B.8)

where we used the notation M^{αβ} = ψ̄ [ γ^α, γ^β ] ψ̄^∗ − ψ^∗ [ γ^α, γ^β ] ψ . (B.9)

Since the first-order deformation in the interacting sector starts in antighost number one, we can take, without loss of generality, the corresponding second-order deformation to start in antighost number two

b^{(int)} = b^{(int)}_0 + b^{(int)}_1 + b^{(int)}_2 , agh ( b^{(int)}_I ) = I , I = 0, 1, 2 , (B.10)

n^μ = n^μ_0 + n^μ_1 + n^μ_2 , agh ( n^μ_I ) = I , I = 0, 1, 2 . (B.11)

By projecting the equation (B.4) on various antighost numbers, we obtain

γb^{(int)}_2 = ∂_μ ( 1 2 n^μ_2 ) , (B.12)

Δ^{(int)}_1 = −2 ( δb^{(int)}_2 + γb^{(int)}_1 ) + ∂_μn^μ_1 , (B.13)

Δ^{(int)}_0 = −2 ( δb^{(int)}_1 + γb^{(int)}_0 ) + ∂_μn^μ_0 . (B.14)

The equation (B.12) can always be replaced, by adding trivial terms, with

γb^{(int)}_2 = 0 . (B.15)

Looking at Δ^{(int)}_1 given in (B.7), it results that it can be written like in (B.13) if

χ = k (1 − k) ( ( ψ^∗∂_αψ + ∂_αψ̄ψ̄^∗ ) η_β ∂^{[α} η^{β]} −

– 31 –

− 1 16 M^{αβ} σ^{μν} ∂_{[α}η_{μ]}∂_{[β}η_{ν]} ) , (B.16)

can be expressed like χ = δφ + γω + ∂_μl^μ . (B.17)

Supposing that (B.17) holds and applying δ on it, we infer that

δχ = γ (−δω) + ∂_μ (δl^μ) . (B.18)

On the other hand, using the concrete expression of χ, we have that δχ = γ ( δ ( k (1 − k) ψ̄ψ̄^∗ ( ∂_μh^{μβ} − ∂_β h ) η_β )) + +∂_μ ( δ ( k (1 − k) ψ̄ψ̄^∗η_β ∂^{[μ} η^{β]} )) + +γ ( ik (1 − k) ψ̄γ^μ (∂_αψ) ( 1 2 h_{μβ} ∂^{[α} η^{β]} − ∂^{[α} h^{β]λ}σ_{λμ}η_β ) + + i 8 k (1 − k) ψ̄γ^μ [ γ^α, γ^β ] ψ∂_{[α}h_{λ]μ}∂_{[β}η_{ν]}σ^{λν} ) + +∂_μ ( ik (1 − k) ψ̄γ^μ (∂_αψ) η_β∂^{[α} η^{β]} + + i 16 k (1 − k) ψ̄γ^μ [ γ^α, γ^β ] ψ∂_{[α}η_{λ]}∂_{[β} η_{ν]}σ^{λν} ) . (B.19)

The right-hand side of (B.19) can be written like in the right-hand side of (B.18) if the following conditions are simultaneously satisfied −δω^′ = ψ̄γ^μ (∂_αψ) ( 1 2 h_{μβ} ∂^{[α} η^{β]} − ∂^{[α} h^{β]λ}σ_{λμ}η_β ) + + 1 8 ψ̄γ^μ [ γ^α, γ^β ] ψ∂_{[α}h_{λ]μ}∂_{[β}η_{ν]}σ^{λν} , (B.20)

δl^{′μ} = ψ̄γ^μ (∂_αψ) η_β ∂^{[α} η^{β]} + 1 16 ψ̄γ^μ [ γ^α, γ^β ] ψ∂_{[α}η_{λ]}∂_{[β}η_{ν]}σ^{λν} . (B.21)

Since none of the quantities h_{μβ} , ∂^{[α} h^{β]λ}, η_β or ∂^{[α} η^{β]} are δ-exact, the last relations hold if the equations ψ̄γ^μ∂_αψ = δΩ^μ_α , ψ̄γ^μ [γ_α, γ_β ] ψ = δΓ^μ_{αβ} (B.22)

take place simultaneously. Assuming that both the equations (B.22) are valid, they further give ∂_μ (¯ ψγ^μ∂_αψ ) = δ (∂_μΩ^μ_α) , (B.23) ∂_μ (¯ ψγ^μ [γ_α, γ_β ] ψ ) = δ ( ∂_μΓ^μ_{αβ} ) . (B.24)

On the other hand, by direct computation we obtain that ∂_μ (¯ ψγ^μ∂_αψ ) = δ ( −i ( ψ^∗∂_αψ − ψ̄∂_αψ̄^∗ )) , (B.25) ∂_μ (¯ ψγ^μ [γ_α, γ_β ] ψ ) = δ (iM_{αβ} ) − 4ψ̄γ_{[α} ∂_{β]}ψ , (B.26)

– 32 – so the right-hand sides of (B.25)–(B.26) cannot be written like in the right-hand sides of (B.23)–(B.24). This means that the relations (B.22) are not valid, and therefore neither are (B.20)–(B.21). As a consequence, χ must vanish, and hence we must set

k (1 − k) = 0 . (B.27)

Using (B.27), we conclude that k = 1 . (B.28)

Inserting (B.28) in (B.7), we obtain that

Δ^{(int)}_1 = γ (( ψ^∗∂^αψ + ∂^αψ̄ψ̄^∗ ) η^β h_{αβ} − − 1 16 M^{αβ} ( η^σ∂_{[α}h_{β]σ} − 1 2 h_{σ[α} ( ∂_{β]}η^σ − ∂^ση_{β]} ) )) . (B.29)

Comparing (B.29) with (B.13), we find that

b^{(int)}_2 = 0 , (B.30)

b^{(int)}_1 = − 1 2 ( ψ^∗∂^αψ + ∂^αψ̄ψ̄^∗ ) η^β h_{αβ} + (B.31) + 1 32 ( ψ̄ [ γ^α, γ^β ] ψ̄^∗ − ψ^∗ [ γ^α, γ^β ] ψ ) ( η^σ∂_{[α}h_{β]σ} − 1 2 h_{σ[α} ( ∂_{β]}η^σ − ∂^σ η_{β]} )) . Substituting (B.28) in (B.8) and using (B.31), we deduce

Δ^{(int)}_0 + 2δb^{(int)}_1 = ∂_μn^μ_0 + γ ( i 2 ψ̄γ^μ∂^ν ψ ( hh_{μν} − 3 2 h_{μσ} h^σ_ν ) + + 1 2 (¯ ψiγ^μ∂_μψ − mψ̄ψ ) ( h_{αβ} h^{αβ} − 1 2 hh )

+ i 16 ψ̄γ^μ [ γ^α, γ^β ] ψ ( h∂_{[α}h_{β]μ} − h^σ_μ∂_{[α}h_{β]σ} + + h^σ_α ( 2∂_{[β} h_{σ]μ} + ∂_μh_{βσ} )) − − ( f (¯ ψ, ψ ) + ∂_μψ̄g^μ_1 (¯ ψ, ψ ) + g^μ_2 (¯ ψ, ψ ) ∂_μψ ) h + + h_{μν} ( ∂^νψ̄g^μ_1 (¯ ψ, ψ ) + g^μ_2 (¯ ψ, ψ ) ∂^ν ψ )) + + 1 8 ( ∂^Rf ∂ψ [γ^μ, γ^ν ] ψ − ψ̄ [γ^μ, γ^ν ] ∂^Lf ∂ψ̄ ) ∂_{[μ}η_{ν]} + + 1 8 ∂_{[μ}η_{ν]} ( ψ̄ [γ^μ, γ^ν ] ∂_ρg^ρ_1 − ∂_ρg^ρ_2 [γ^μ, γ^ν ] ψ + + ∂^R ( ∂_ρψ̄g^ρ_1 + g^ρ_2 ∂_ρψ ) ∂ψ [γ^μ, γ^ν ] ψ − − ψ̄ [γ^μ, γ^ν ] ∂^L ( ∂_ρψ̄g^ρ_1 + g^ρ_2 ∂_ρψ ) ∂ψ̄ − − 4 ( ∂^{[μ} ψ̄g^{ν]}_1 − g^{[μ}_2 ∂^{ν]}ψ )) . (B.32)

– 33 –

The right-hand side of (B.32) can be written like in (B.14) if 1 8 ( ∂^Rf ∂ψ [γ^μ, γ^ν ] ψ − ψ̄ [γ^μ, γ^ν ] ∂^Lf ∂ψ̄ ) ∂_{[μ}η_{ν]} + + 1 8 ∂_{[μ}η_{ν]} ( ψ̄ [γ^μ, γ^ν ] ∂_ρg^ρ_1 − ∂_ρg^ρ_2 [γ^μ, γ^ν ] ψ + + ∂^R ( ∂_ρψ̄g^ρ_1 + g^ρ_2 ∂_ρψ ) ∂ψ [γ^μ, γ^ν ] ψ − −ψ̄ [γ^μ, γ^ν ] ∂^L ( ∂_ρψ̄g^ρ_1 + g^ρ_2 ∂_ρψ ) ∂ψ̄ − −4 ( ∂^{[μ} ψ̄g^{ν]}_1 − g^{[μ}_2 ∂^{ν]}ψ )) = γθ + ∂_μρ^μ . (B.33)

The term^1_8 (_{∂Rf} ∂ψ [γ^μ, γ^ν ] ψ − ψ̄ [γ^μ, γ^ν ]^{∂Lf}_{∂ψ̄} ) ∂_{[μ}η_{ν]} is neither γ-exact nor a total derivative (as f (¯ ψ, ψ ) has no derivatives), and hence we must require that ∂^Rf ∂ψ [γ^μ, γ^ν ] ψ − ψ̄ [γ^μ, γ^ν ] ∂^Lf ∂ψ̄ = 0 . (B.34)

The solution to (B.34) reads as f (¯ ψ, ψ ) = M (¯ ψψ ) , (B.35)

where M is a polynomial in ψ̄ψ. With (B.34) at hand, the equation (B.33) becomes 1 8 ∂_{[μ}η_{ν]}Π^{μν} = γθ + ∂_μρ^μ , (B.36)

where

Π^{μν} ≡ ψ̄ [γ^μ, γ^ν ] ∂_ρg^ρ_1 − ∂_ρg^ρ_2 [γ^μ, γ^ν ] ψ − 4 ( ∂^{[μ} ψ̄g^{ν]}_1 − g^{[μ}_2 ∂^{ν]}ψ ) + + ∂^R ( ∂_ρψ̄g^ρ_1 + g^ρ_2 ∂_ρψ ) ∂ψ [γ^μ, γ^ν ] ψ − ψ̄ [γ^μ, γ^ν ] ∂^L ( ∂_ρψ̄g^ρ_1 + g^ρ_2 ∂_ρψ ) ∂ψ̄ . (B.37)

The left-hand side of (B.36) is γ-exact modulo d if there exists a real, bosonic function, involving only the undifferentiated Dirac fields, M^{ρμν} , which is antisymmetric in its last two indices M^{ρμν} = −M^{ρνμ} , (B.38)

such that Π^{μν} = ∂_ρM^{ρμν} . (B.39)

From (B.37), we observe that the existence of such functions M^{ρμν} is controlled by the functions g^μ_1 and g^μ_2 . The most general form of the functions g^μ_1 is

g^μ_1 = ψg^μ + 4∑ n=1 γ^{ν1} · · · γ^{νn} ψg^μ_{ν1...νn} , (B.40)

– 34 – where g^μ and g^μ_{ν1...νm} are some real, bosonic functions in the undifferentiated Dirac fields. Now, from (4.86) it results that

g^μ_2 = g^μψ̄ + 4∑ n=1 g^μ_{ν1...νn}ψ̄γ^{νn} · · · γ^{ν1} . (B.41) Inserting (B.40)–(B.41) in (B.37), we arrive at

Π^{μν} = ∂_ρ (¯ ψψ ) (∂^Rg^ρ ∂ψ [γ^μ, γ^ν ] ψ − ψ̄ [γ^μ, γ^ν ] ∂^Lg^ρ ∂ψ̄ − 4σ^{ρ[μ}g^{ν]} ) + +∂_ρ ( − 4∑ n=1 g^ρ_{ν1...νn} (¯ ψγ^{νn} · · · γ^{ν1} [γ^μ, γ^ν ] ψ − ψ̄γ^{ν1} · · · γ^{νn} [γ^μ, γ^ν ] ψ ) ) +

+ 4∑ n=1 ( ∂^Rg^ρ_{ν1...νn} ∂ψ [γ^μ, γ^ν ] ψ − ψ̄ [γ^μ, γ^ν ] ∂^Lg^ρ_{ν1...νn} ∂ψ̄ − 4σ^{ρ[μ}g^{ν]}_{ν1...νn} ) × × ( ∂_ρψ̄γ^{ν1} · · · γ^{νn} ψ + ψ̄γ^{νn} · · · γ^{ν1} ∂_ρψ ) + +4 4∑ n=1 g^ρ_{ν1...νn} n∑ k=1 ( ∂_ρψ̄γ^{ν1} · · · γ^{νk−1} σ^{νk[μ}γ^{ν]}γ^{νk+1} · · · γ^{νn} ψ+ +ψ̄γ^{νn} · · · γ^{νk+1} σ^{νk[μ}γ^{ν]}γ^{νk−1} · · · γ^{ν1} ∂_ρψ ) . (B.42)

The right-hand side of (B.42) is of the form ∂_ρM^{ρμν} if ∂^Rg^ρ ∂ψ [γ^μ, γ^ν ] ψ − ψ̄ [γ^μ, γ^ν ] ∂^Lg^ρ ∂ψ̄ − 4σ^{ρ[μ}g^{ν]} = C^{ρμν} , (B.43)

n = 1 , g^ρ_{ν1} = δ^ρ_{ν1} Q (¯ ψψ ) , (B.44)

where C^{ρμν} = −C^{ρνμ} are some constants (and not some 4×4 matrices) and Q is an arbitrary polynomial in ψ̄ψ. Since in four spacetime dimensions there are no such constants, they must vanish, which imply that ∂^Rg^ρ ∂ψ [γ^μ, γ^ν ] ψ − ψ̄ [γ^μ, γ^ν ] ∂^Lg^ρ ∂ψ̄ − 4σ^{ρ[μ}g^{ν]} = 0 . (B.45)

The solution to the last equation reads as g^ρ = ψ̄γ^ρψN (¯ ψψ ) , (B.46)

where N is an arbitrary polynomial in ψ̄ψ. In consequence, Π^{μν} expressed by (B.37) can be written like in (B.39) if the functions (B.40)–(B.41) are of the form

g^μ_1 = ψ (¯ ψγ^μψ ) N (¯ ψψ ) + γ^μψQ (¯ ψψ ) , (B.47)

g^μ_2 = (¯ ψγ^μψ ) N (¯ ψψ )¯ ψ + ψ̄γ^μQ (¯ ψψ ) . (B.48)

By means of (B.47)–(B.48) we deduce ( ∂_μψ̄ ) g^μ_1 (¯ ψ, ψ ) + g^μ_2 (¯ ψ, ψ ) ∂_μψ = ∂_μ (¯ ψγ^μψP (¯ ψψ )) + +s ( i ( ψ^∗ψ − ψ̄ψ̄^∗ ) ( P (¯ ψψ ) − Q (¯ ψψ ))) , (B.49)

– 35 – where P is a polynomial in ψ̄ψ defined by N (¯ ψψ ) = dP (¯ ψψ ) /d (¯ ψψ ) . The relation (B.49) shows that the last two terms from (4.85) produce a trivial deformation, which can always be removed by setting g^μ_1 (¯ ψ, ψ ) = 0 , g^μ_2 (¯ ψ, ψ ) = 0 . (B.50)

Then, with the help of (B.35) it follows that

a^{(Dirac)}

0 = M (¯ ψψ ) . (B.51)

Inserting (B.35) and (B.50) in (B.32), we finally find that the interacting lagrangian at order two in the coupling constant takes the form

b^{(int)}_0 = − i 4 ψ̄γ^μ∂^ν ψ ( hh_{μν} − 3 2 h_{μσ}h^σ_ν ) − 1 4 (¯ ψiγ^μ∂_μψ − mψ̄ψ ) ( h_{αβ} h^{αβ} − 1 2 hh ) − (B.52) − i 32 ψ̄γ^μ [ γ^α, γ^β ] ψ ( h∂_{[α}h_{β]μ} − h^σ_μ∂_{[α}h_{β]σ} + h^σ_α ( 2∂_{[β} h_{σ]μ} + ∂_μh_{βσ} )) + 1 2 M (¯ ψψ ) h . The formulas (B.30), (B.31) and (B.52) reveal the full, interacting, second-order deformation of the solution to the master equation.

References

[1] C. Cutler and R.M. Wald, A new type of gauge invariance for a collection of massless spin-2 fields, 1. Existence and uniqueness, Class. and Quant. Grav. 4 (1987) 1267.

[2] R.M. Wald, A new type of gauge invariance for a collection of massless spin-2 fields, 2.

Geometrical interpretation, Class. and Quant. Grav. 4 (1987) 1279.

[3] A. Hindawi, B.A. Ovrut and D. Waldram, Consistent spin-two coupling and quadratic gravitation, Phys. Rev. D 53 (1996) 5583 [hep-th/9509142].

[4] S.C. Anco, Nonlinear gauge theories of a spin-two field and a spin-three-halves field, Ann.

Phys. (NY) 270 (1998) 52.

[5] S.N. Gupta, Gravitation and electromagnetism, Phys. Rev. 96 (1954) 1683.

[6] R. H. Kraichnan, Special-relativistic derivation of generally covariant gravitation theory, Phys. Rev. 98 (1955) 1118.

[7] S. Weinberg, Photons and gravitons in perturbation theory: derivation of Maxwell’s and Einstein’s equations, Phys. Rev. 138 (1965) B988.

[8] S. Deser, Self-interaction and gauge invariance, Gen. Rel. Grav. 1 (1970) 9 [gr-qc/0411023].

[9] D.G. Boulware and S. Deser, Classical general relativity derived from quantum gravity, Ann.

Phys. (NY) 89 (1975) 193.

[10] J. Fang and C. Fronsdal, Deformations of gauge groups. Gravitation, J. Math. Phys. 20 (1979) 2264.

[11] F.A. Berends, G.J.H. Burgers and H. Van Dam, On spin three selfinteractions, Z. Physik C 24 (1984) 247.

[12] R.M. Wald, Spin-2 fields and general covariance, Phys. Rev. D 33 (1986) 3613.

– 36 –

[13] R.P. Feynman, F.B. Morinigo and W.G. Wagner, Feynman lectures on gravitation, B. Hatfield ed., Addison-Wesley, Reading 1995.

[14] N. Boulanger and M. Esole, A note on the uniqueness of D = 4, N = 1 supergravity, Class.

and Quant. Grav. 19 (2002) 2107 [gr-qc/0110072].

[15] N. Boulanger, T. Damour, L. Gualtieri and M. Henneaux, Inconsistency of interacting, multigraviton theories, Nucl. Phys. B 597 (2001) 127 [hep-th/0007220].

[16] I.A. Batalin and G.A. Vilkovisky, Gauge algebra and quantization, Phys. Lett. B 102 (1981) 27. [17] I.A. Batalin and G.A. Vilkovisky, Quantization of gauge theories with linearly dependent generators, Phys. Rev. D 28 (1983) 2567, erratum ibid. 30 (1984) 508.

[18] I.A. Batalin and G.A. Vilkovisky, Existence theorem for gauge algebra, J. Math. Phys. 26 (1985) 172.

[19] M. Henneaux, Lectures on the antifield-BRST formalism for gauge theories, Nucl. Phys. 18A (Proc. Suppl.) (1990) 47.

[20] M. Henneaux, C. Teitelboim, Quantization of gauge systems, Princeton University Press, Princeton 1992.

[21] G. Barnich and M. Henneaux, Consistent couplings between fields with a gauge freedom and deformations of the master equation, Phys. Lett. B 311 (1993) 123 [hep-th/9304057].

[22] G. Barnich, F. Brandt and M. Henneaux, Local BRST cohomology in the antifield formalism, 1. General theorems, Commun. Math. Phys. 174 (1995) 57 [hep-th/9405109]; Local BRST cohomology in gauge theories, Phys. Rept. 338 (2000) 439 [hep-th/0002245].

[23] W. Siegel, Fields, hep-th/9912205.

[24] W. Pauli and M. Fierz, On relativistic field equations of particles with arbitrary spin in an electromagnetic field, Helv. Phys. Acta 12 (1939) 297; On relativistic wave equations for particles of arbitrary spin in an electromagnetic field, Proc. Roy. Soc. Lond. A 173 (1939) 211.

[25] M. Henneaux, Space-time locality of the BRST formalism, Commun. Math. Phys. 140 (1991) 1.

– 37 –